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Abstract. This article consists of two parts. The main objectives of Part
1 are to postulate a new principle of representation invariance (PRI), and to
refine the unified field model of four interactions, derived using the principle of
interaction dynamics (PID). Intuitively, PID takes the variation of the action
functional under energy-momentum conservation constraint, and PRI requires
that physical laws be independent of representations of the gauge groups. One
important outcome of this unified field model is a natural duality between
the interacting fields (g,A,Wa, Sk), corresponding to graviton, photon, inter-
mediate vector bosons W± and Z and gluons, and the adjoint bosonic fields
(Φµ, φ0, φaw, φ
k
s ). This duality predicts two Higgs particles of similar mass with
one due to weak interaction and the other due to strong interaction. The uni-
fied field model can be naturally decoupled to study individual interactions,
leading to 1) modified Einstein equations, giving rise to a unified theory for
dark matter and dark energy, 2) three levels of strong interaction potentials
for quark, nucleon/hadron, and atom respectively, and 3) two weak interac-
tion potentials. These potential/force formulas offer a clear mechanism for
both quark confinement and asymptotic freedom—a longstanding problem in
particle physics.
Part 2 of this article is motivated by sub-atomic decays and electron radia-
tions, which indicate that there must be interior structures for charged leptons,
quarks and mediators. The main objectives of Part 2 are 1) to propose a sub-
leptons and sub-quark model, which we call weakton model, and 2) to derive
a mechanism for all sub-atomic decays and bremsstrahlung. The theory is
based on 1) the theory on weak and strong charges, 2) different levels of weak
and strong interaction potentials, 3) a new mass generation mechanism, and
4) an angular momentum rule. The weakton model postulates that all matter
particles (leptons, quarks) and mediators are made up of massless weaktons.
The weakton model offers a perfect explanation for all sub-atomic decays and
all generation/annihilation precesses of matter-antimatter. In particular, the
precise constituents of particles involved in all decays both before and after
the reaction can now be precisely derived. In addition, the bremsstrahlung
phenomena can be understood using the weakton model. Also, the weakton
model offers an explanation to the baryon asymmetry problem.
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Introduction
There are four forces/interactions in nature: the electromagnetic force, the strong
force, the weak force and the gravitational force. Classical theories describing
these interactions include the Einstein general theory of relativity, the quantum
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electromagnetic dynamics (QED) for electromagnetism, the Weinberg-Salam elec-
troweak theory unifying weak and electromagnetic interactions [4, 24, 22], the quan-
tum chromodynamics (QCD) for strong interaction, and the standard model, a
U(1)⊗SU(2)⊗SU(3) gauge theory, unifying all known interactions except gravity;
see among many others [10].
The main objectives of this article are three-fold. The first objective is to postu-
late two basic principles, which we call principle of interaction dynamics (PID) and
principle of representation invariance (PRI). Intuitively, PID takes the variation
of the action functional under energy-momentum conservation constraint, and was
originally introduced to taking into consideration of the presence of dark energy and
dark matter [15]. PRI requires that physical laws be independent of representations
of the gauge groups.
The second objective is to derive a unified field theory for nature interactions,
based on these two principles. The initial attempt was based solely on PID [17].
With PRI introduced in this article, we are able to substantially reduce the number
of to-be-determined parameters in the unified field model to two SU(2) and SU(3)
constant vectors {αwµ } and {αsk}, containing 11 parameters, which represent the
portions distributed to the gauge potentials by the weak and strong charges gw and
gs.
Also, this unified field model can be naturally decoupled to study individual
interactions. The second objective is to explore the duality of strong interaction
based on the new field equations, derived by applying PID and PRI to a stan-
dard QCD SU(3) gauge action functional. The new field equations establish a
natural duality between strong gauge fields {Skµ}, representing the eight gluons,
and eight bosonic scalar fields. One prediction of this duality is the existence of
a Higgs type bosonic spin-0 particle with mass m ≥ 100GeV/c2. With the du-
ality, we derive three levels of strong interaction potentials: the quark potential
Sq, the nucleon/hadron potential Sn and the atom/molecule potential Sa. These
potentials clearly demonstrates many features of strong interaction consistent with
observations. In particular, these potentials offer a clear mechanisms for quark
confinement, for asymptotic freedom, and for the van der Waals force. Also, in the
nuclear level, the new potential is an improvement of the Yukawa potential. As the
distance between two nucleons is increasing, the nuclear force corresponding to the
nucleon potential Sn behaves as repelling, then attracting, then repelling again and
diminishes, consistent with experimental observations. Also, with the duality for
weak interactions, we are able to derive the long overdue weak potential and force
formulas.
The third objective is to derive a weakton model of elementary particles, leading
to an explanation of all known sub-atomic decays and the creation/annihilation
of matter/antimatter particles, as well as the baryon asymmetry problem. This
objective is strongly motivated by the sub-atomic decays.
Remarkably, in the weakton model, both the spin-1 mediators (the photon, the
W and Z vector bosons, and the gluons) and the spin-0 dual mediators introduced
in the unified field model have the same weakton constituents, differing only by
their spin arrangements. The spin arrangements clearly demonstrate that there
must be dual mediators with spin-0. This observation clearly supports the unified
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field model presented in [17] and in Part I of this article. Conversely, the existence
of the dual mediators makes the weakton constituents perfectly fit.
The unified field model appears to match Nambu’s vision. In fact, in his Nobel
lecture [19], Nambu stated that
Einstein used to express dissatisfaction with his famous equation of
gravity
Gµν = 8piTµν
His point was that, from an aesthetic point of view, the left hand side
of the equation which describes the gravitational field is based on a
beautiful geometrical principle, whereas the right hand side, which de-
scribes everything else, . . . looks arbitrary and ugly.
... [today] Since gauge fields are based on a beautiful geometrical
principle, one may shift them to the left hand side of Einsteins equa-
tion. What is left on the right are the matter fields which act as the
source for the gauge fields ... Can one geometrize the matter fields
and shift everything to the left?
Our understanding of his statement is that the left-hand side of the standard
model is based on the gauge symmetry principle, and the right-hand side of the
standard model involving the Higgs field is artificial. What Nambu presented here
is a general view shared by many physicists that the Nature obeys simple beautiful
laws based on a few first principles.
Both sides of our unified field model [17] and in this article are now derived from
the two first principles, PID and PRI, with no Higgs field added in the Lagrangian
action. The Higgs field in the standard model is now replaced by intrinsic objects,
which we call the dual fields. In fact, the unified field model establishes a natural
duality between the interacting fields (g,A,W a, Sk), corresponding to graviton,
photon, intermediate vector bosons W± and Z and gluons, and the dual bosonic
fields (Φµ, φ
0, φaw, φ
k
s). Here one of the three dual fields for the weak interaction φ
a
w
corresponds to the Higgs field in the standard model.
The first two objectives are addressed in Part 1 of this article, and the third
objective is addressed in Part 2.
Part 1. Field Theory
1. Introduction
This part is devoted to a field theory coupling natural interactions [15, 17].
There are several main objectives of Part 1. The first objective is to postulate
a new principle of representation invariance (PRI), and to refine the unified field
model, derived using the principle of interaction dynamics (PID) [17]. The unified
field equations, on the one hand, are used to study the coupling mechanism of in-
teractions in nature, and on the other hand can be decoupled to study individual
interactions, leading to both experimentally verified results and new predictions.
The second objective is to establish a duality theory for strong interaction, and to
derive three levels of strong interaction potentials: the quark potential Sq, the nu-
cleon/hadron potential Sn and the atom/molecule potential Sa. These potentials
clearly demonstrates many features of strong interaction consistent with observa-
tions, and offer, in particular, a clear mechanism for both quark confinement and
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asymptotic freedom. The third objective is to study the duality of weak interac-
tion, and to derive such weak potential and force formula. The fourth objective
is to offer our view on the structure and stability of matter, and to introduce the
concept of energy levels for leptons and quarks, and for hadrons.
Hereafter we address the main motivations and ingredients of the study.
1. The original motivation is an attempt to developing gravitational field equations
to provide a unified theory for dark energy and dark matter [15]. The key point is
that due to the presence of dark energy and dark matter, the energy-momentum
tensor of visible matter, Tij , is no longer conserved. Namely,
∇iTij 6= 0,
where ∇i is the contra-variant derivative. Since the Euler-Lagrangian of the scalar
curvature part of the Einstein-Hilbert functional is conserved (Bianchi identity), it
can only be balanced by the conserved part of Tij . Thanks to an orthogonal decom-
position of tensor fields into conserved and gradient parts [15], the new gravitational
field equations are given then by
(1.1) Rij − 1
2
gijR = −8piG
c4
Tij −∇i∇jϕ,
where ϕ : M → R is a scalar function defined on the space-time manifold, whose
energy density Φ = gij∇i∇jϕ is conserved with mean zero:
(1.2)
∫
M
Φ
√−gdx = 0.
Equivalently, (1.1) is the Euler-Lagrangian of the Einstein-Hilbert functional LEH
with energy-momentum conservation constraints:
(1.3) (δLEH , X) = 0 for X = {Xij} with ∇iXij = 0.
As we have discussed in [15], the above gravitational field equations offer a uni-
fied theory for dark energy and dark matter, agreeable with all the general fea-
tures/observations for both dark matter and dark energy.
2. The constraint Lagrangian action (1.3) leads us to postulate a general principle,
which we call principle of interaction dynamics (PID), for deriving unified field
equations coupling interactions in nature. Namely, for physical interactions with
the Lagrangian action L(g,A, ψ), the field equations are the Euler-Lagrangian of
L(g,A, ψ) with divA-free constraint:
(1.4) (δF (u0), X) =
∫
M
δF (u0) ·X
√−gdx = 0 for X with divAX = 0.
Here A is a set of vector fields representing gauge and mass potentials, ψ are the
wave functions of particles, and divA is defined by (2.1). It is clear that divA-free
constraint is equivalent to energy-momentum conservation.
3. We then derive in [17] the unified field equations coupling four interactions
based on 1) the Einstein principle of general relativity (or Lorentz invariance) and
the principle of equivalence, 2) the principle of gauge invariance, and 3) the PID.
Naturally, the Lagrangian action functional is the combination of the Einstein-
Hilbert action for gravity, the action of the U(1) gauge field for electromagnetism,
the standard SU(2) Yang-Mills gauge action for the weak interactions, and the
standard SU(3) gauge action for the strong interactions. The unified model gives
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rise to a new mechanism for spontaneous gauge-symmetry breaking and for energy
and mass generations with similar outcomes as the classical Higgs mechanism. One
important outcome of the unified field equations is a natural duality between the
interacting fields (g,A,W a, Sk), corresponding to graviton, photon, intermediate
vector bosons W± and Z and gluons, and the adjoint fields (Φµ, φ0, φaw, φ
k
s), which
are all bosonic fields. The interaction of the bosonic particle field Φ and gravi-
ton leads to a unified theory of dark matter and dark energy and explains the
acceleration of expanding universe.
4. It is classical that the electromagnetism is described by a U(1) gauge field, the
weak interactions are described by three SU(2) gauge fields, and the strong inter-
actions are described by eight SU(3) gauge fields. In the same spirit as the Einstein
principle of general relativity, physical laws should be independent of different rep-
resentations of these Lie groups. Hence it is natural for us to postulate a general
principle, which we call the principle of representation invariance (PRI):
Principle of Representation Invariance (PRI). All SU(N) gauge theories are
invariant under general linear group GL(CN2−1) transformations for generators
of different representations of SU(N). Namely, the actions of the gauge fields
are invariant and the corresponding gauge field equations are covariant under the
transformations.
5. The mathematical foundation of PRI is achieved by deriving a few mathematical
results for representations of the Lie group SU(N). In particular, for the Lie group
SU(N), generators of different representations transform under general linear group
GL(CN2−1). We show that the structural constants λcab of the generators of different
representations should transfer as (1, 2)-tensors. Consequently, we can construct
an important (0, 2) SU(N)-tensor:
(1.5) Gab =
1
4N
λcadλ
d
cb,
which can be regarded as a Riemannian metric on the Lie group SU(N).
Then for a set of SU(N) (N ≥ 2) gauge fields with N2 − 1 vector fields Aaµ
and N spinor fields ψj , the following action functional is a unique functional which
obeys the Lorentz invariance, the gauge invariance of the transformation (3.13),
and is invariant under GL(CN2−1) transformations (3.16) for generators of different
representations of SU(N):
(1.6) LG =
∫ {
Gabg
µαgνβF aµνF
b
αβ + Ψ¯
[
iγµ(∂µ + igA
a
µτa)−m
]
Ψ
}
dx.
Here
F aµν = ∂µA
a
ν − ∂νAaµ + gλabcAbµAcν .
6. It is very interesting that the unified field equations derived in [17] obey the
PRI. In fact, with PRI, we are able to substantially reduce the to-be-determined
parameters in our unified model to two SU(2) and SU(3) constant vectors
{αwµ } = (αw1 , αw2 , αw3 ), {αsk} = (αs1, · · · , αs8),
containing 11 parameters as given in (4.31), representing the portions distributed
to the gauge potentials by the weak and strong charges. Hence they are physically
needed.
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It appears that any field model with the classical Higgs scalar fields added to
the action functional violates PRI, and hence can only be considered as an ap-
proximation for describing the related interactions. In fact, as far as we know, the
unified field model introduced in [17] and refined in this article is the only model
which obeys PRI. The main reason is that our model is derived from first principles,
and the spontaneous gauge-symmetry breaking as well as the mechanism of mass
generation and energy creation are natural outcomes of the constraint Lagrangian
action (PID).
7. In the unified model, the coupling is achieved through PID in a transparent
fashion, and consequently it can be easily decoupled. In other words, both PID
and PRI can be applied directly to single interactions. For gravity, for example,
we have derived modified Einstein equations, leading to a unified theory for dark
matter and dark energy [15].
8. New gauge field equations for strong interaction, decoupled from the unified
model, are derived by applying PID to the standard SU(3) gauge action functional
in QCD. The new model leads to consistent results as the classical QCD, and, more
importantly, to a number of new results and predictions. In particular, this model
gives rise to a natural duality between the SU(3) gauge fields Skµ (k = 1, · · · , 8),
representing the gluons, and the adjoint scalar fields {φks}, representing Higgs type
of bosonic spin-0 particles.
9. One prediction from the duality from strong interaction is the existence of a
Higgs type bosonic spin-0 particle with mass m ≥ 100GeV/c2. It is hoped that
careful examination of the LHC data may verify the existence of this Higgs type of
particle due to strong interaction.
10. For the first time, we derive three levels of strong interaction potentials: the
quark potential Sq, the nucleon potential Sn and the atom/molecule potential Sa.
They are given as follows:
Sq = gs
[
1
r
− Bk
2
0
ρ0
e−k0rϕ(r)
]
,(1.7)
Sn = 3
(
ρ0
ρ1
)3
gs
[
1
r
− Bnk
2
1
ρ1
e−k1rϕ(r)
]
,(1.8)
Sa = 3N
(
ρ0
ρ1
)3(
ρ1
ρ2
)3
gs
[
1
r
− Bnk
2
1
ρ2
e−k1rϕ(r)
]
,(1.9)
where ϕ(r) ∼ r/2, gs is the strong charge, B,Bn are constants, k0 = mc/~, k1 =
mpic/~, m is mass of the above mentioned strong interaction Higgs particle, mpi is
the mass of the Yukawa meson, ρ0 is the effective quark radius, ρ1 is the radius of a
nucleon, ρ2 is the radius of an atom/molecule, and N is the number of nucleons in
an atom/molecule. These potentials match very well with experimental data, and
offer a number of physical conclusions. Hereafter we shall explore a few important
implications of these potentials.
11. With these strong interaction potentials, the binding energy of quarks can be
estimated as
(1.10) Eq ∼
(
ρ1
ρ0
)4
En ∼ 1020En,
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where En is the binding energy of nucleons. Consequently, if the quark radius is
considered as ρ0 ∼ 10−21cm, then the Planck energy level 1019 GeV is required
to break a quark free. Hence these potential formulas offer a clear mechanism for
quark confinement.
12. With the quark potential, there is a radius r¯, as shown in Figure 6.1, such
that two quarks closer than r¯ are repelling, and for r near r¯, the strong interaction
diminishes. Hence this clearly explains asymptotic freedom.
13. In the nucleon level, the new potential is an improvement of the Yukawa
potential. The corresponding Yukawa force is always attractive. However, as the
distance between two nucleons is increasing, the nucleon force corresponding to the
nucleon potential Sn behaves as repelling, then attracting, then repelling again and
diminishes. This is exactly the picture that the observation tells us. In addition,
these potentials give rise an estimate on the ratio between the gravitational and the
strong interaction forces. This estimate indicates that near the radius of an atom,
the strong repelling force is stronger than the gravitational force, and beyond the
molecule radius, the strong repelling force is smaller than the gravitational force.
We believe that it is this competition between the gravitational and the strong
forces in the level of atoms/molecules gives rise to the mechanism of the van der
Waals force.
14. The factor
(
ρ0
ρ1
)3 (
ρ1
ρ2
)3
in (1.9) indicates the strong interaction is of short-
range, in agreement with observations. In particular, beyond molecular level, strong
interaction diminishes. In addition, the derivation of these potentials clearly sug-
gests that exchanging gluons leads to repelling force, and exchanging pi-mesons
(Higgs) leads to attracting force.
15. The new field equations for weak interaction, decoupled from the unified field
model, provide a natural duality between weak gauge fields {W aµ}, representing
the W± and Z intermediate vector bosons, and three bosonic scalar fields φa. A
possible duality is the degenerate case where the three scalar fields φa are a constant
vector ζa times a single scalar field φ, and the duality reduces to the duality between
{W aµ} and one neutral Higgs boson field φ.
16. One key point of the study is that the field equations must satisfy PRI, which
induces an important SU(2) constant vector {αwa }. The components of this vector
represent the portions distributed to the gauge potentials W aµ by the weak charge
gw. Consequently, in the same spirit as electromagnetism, the time-components
W a0 of the gauge potentials represent the weak-charge potentials, and the total
force exerted on a particle with N weak charges Ngw is
(1.11) FWE = −Ngwαwa∇W a0 .
It is the weak charge distribution vector αwa , due to PRI, that allows us to formulate
the total weak potential/force as a field exerted on a particle. It is clear that FWE
is a representation invariant scalar, obeying PRI. This clearly overcomes one of the
main difficulties encountered in classical theories.
In the same token, the spatial components ~W a = (W a1 ,W
a
2 ,W
a
3 ) represent the
weak-rotation potentials, yielding the following total weak-rotation force
(1.12) FWM = gwε
abcαwa ~J
b × curl ~W c,
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where { ~Jb} = {Jb1 , Jb2 , Jb3} is the weak charge current density, and εabc is the struc-
tural constants using the Pauli matrices as generators for SU(2). Also, FWM is a
representation invariant scalar, obeying PRI.
17. With the above physical meaning of the gauge potentials and the associated
forces, for the first time, we derive the weak potential and weak force formula given
by
(1.13)
W = gwe
−k1r
[
1
r
− e−k0rψ(r)
]
,
F = g2we
−k1r
[
k1
r
+
1
r2
− (K1ψ − ψ′)e−k0r
]
,
where K1 = k0 +k1, k0 = mHc/~, k1 = mW c/~, mH and mW are the masses of the
Higgs and W bosons, and ψ(r) = ψ1(r) + ψ2(r) ln r with ψi(r) being polynomials;
see (9.46). This force formula is consistent with observations: there is a radius
r0 > 0 such that F is repelling for r < r0, and attractive for r0 < r < r1. In
addition, F is a short-range force. Namely, F diminishes for r ≥ 10−16cm.
18. With the duality, our analysis shows that the charged gauge bosons W± do
not appear simultaneously with the neutral boson Z in one physical situation. The
same non-existence holds true for the neutral and charged Higgs particles as well.
19. The new duality model for weak interaction not only produces consistent
physical conclusions as the classical GWS electroweak theory, but also leads to
new insights and predictions for weak interaction. Here are a few similarities and
distinctions between these two models:
• Both theories produces the right intermediate vector bosons W± and Z,
the neutral Higgs, the neutral current, and the scaling relation, consistent
with experimental observations.
• The GWS model mixes transformations of different representations of U(1)
and SU(2), and utilizes both the electromagnetic gauge potential and the
weak gauge potentials to define the intermediate vector bosons. This gauge
mixing causes the decoupling of the model to electromagnetic and weak
components difficult, if not impossible. This mixing also violates PRI. The
duality model used in this paper can be easily decoupled to study individual
interactions involved, and satisfies PRI.
• In the GWS model, the Higgs mechanism of mass generation and energy
creation is achieved by introducing the Higgs sector with a Higgs scalar
field in the Lagrangian action functional. The mass generation and energy
creation mechanism is achieved in a completely different and much sim-
pler fashion in the duality model by using energy-momentum conservation
constraint variation (PID) to the standard SU(2) gauge functional.
• Due partially to mixing the gauge fields for electromagnetic and weak inter-
actions, it is difficult to use the classical theory to derive any force/potential
formulas for weak interaction. However, as mentioned earlier, the new du-
ality model leads naturally to a long overdue force formula for weak inter-
action.
20. With both weak and strong charge potentials at our disposal, for the first time,
we are able to introduce energy levels of leptons and quarks using Wµ, and energy
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levels for hadrons using Sµ. Then the standard conversion of the Dirac equation
for a matter field leads to the following formulation of energy levels
−∇2Φw + gw
~c
W0(x)Φ
w = λwΦw for a lepton or a quark,(1.14)
−∇2ΦH + gs
~c
S0(x)Φ
H = λHΦH for a hadron.(1.15)
We conclude then that each lepton or quark is represented by an eigenstate of
(1.14) with corresponding eigenvalue being its binding energy, and the eigenstate
of (1.14) with the lowest energy level represents the electron. Also, each hadron is
represented by an eigenstate of (1.15) with the corresponding eigenvalue being its
binding energy, and the eigenstate of (1.15) with the lowest energy level represents
the proton.
21. A common feature of these force/charge potentials is that all four forces can
be either repelling or attracting with different spatial scales.1 This is the essence
of the stability of matter in the universe from the smallest elementary particles to
largest galaxies in the universe.
Part I of this paper is organized as follows. Section 2 recapitulates PID and its
motivations. Section 3 introduces PRI, and the unified field models are refined in
Section 4. Section 5 addresses the duality theory for different interactions. Sections
6 and 7 derive the strong interaction potentials and their implications. Section 8
addresses various features of the duality model for weak interaction. Section 9
derives the weak potential and force formulas, and Section 10 is devoted to the
comparison between the classical GWS and the new electroweak theory. Section
11 recapitulates the weak and strong potentials, and Section 12 introduces energy
levels of elementary particles. Section 13 offers our view on structure and stability
of matter. Brief conclusions are given in Section 14. Part 1 of this paper combines
an early version of this article with [13, 14, 16].
2. Motivations for Principle of Interaction Dynamics (PID)
2.1. Recapitulation of PID. We first recall the principle of interaction dynamics
(PID) proposed in [17]. Let (M, gij) be the 4-dimensional space-time Riemannian
manifold with {gij} the Minkowski type Riemannian metric. For an (r, s)-tensor u
we define the A-gradient and A-divergence operators ∇A and divA as
(2.1)
∇Au = ∇u+ u⊗A,
divAu = divu−A · u,
where A is a vector or co-vector field, ∇ and div are the usual gradient and divergent
covariant differential operators.
Let F = F (u) be a functional of a tensor field u. A tensor u0 is called an
extremum point of F with the divA-free constraint, if
(2.2)
d
dλ
F (u0 + λX)
∣∣∣
λ=0
=
∫
M
δF (u0) ·X
√−gdx = 0 ∀divAX = 0.
We now state PID, first introduced by the authors in [17].
1Attracting and repelling of electromagnetic force is achieved via the sign of the electric charge.
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Principle of Interaction Dynamics (PID). For all physical interactions there
are Lagrangian actions
(2.3) L(g,A, ψ) =
∫
M
L(gij , A, ψ)
√−gdx,
where g = {gij} is the Riemann metric representing the gravitational potential, A
is a set of vector fields representing gauge and mass potentials, and ψ are the wave
functions of particles. The action (2.3) satisfy the invariance of general relativ-
ity (or Lorentz invariance), the gauge invariance, and PID. Moreover, the states
(g,A, ψ) are the extremum points of (2.3) with the divA-free constraint (2.2).
The following theorem is crucial for applications of PID.
Theorem 2.1 (Ma and Wang [15, 17]). Let F = F (gij , A) be a functional of
Riemannian metric {gij} and vector fields A1, · · · , AN . For the divA-free constraint
variations of F , we have the following assertions:
(1) There is a vector field Φ ∈ H1(TM) such that the extremum points {gij}
of F with the divA-free constraint satisfy the equations
(2.4)
δ
δgij
F (gij) =
(
∇i +
N∑
k=1
αkA
k
i
)
Φj
where αk (1 ≤ k ≤ N) are parameters, ∇iΦj = ∂iΦj − ΓlijΦl are the
covariant derivatives, and divAX = divX −
N∑
k=1
αkA
k ·X.
(2) If the first Betti number of M is zero, and Ak = 0 (1 ≤ k ≤ N) in (2.4),
then there exists a scalar field ϕ such that Φ = ∇ϕ, i.e. equations (2.4)
become
(2.5)
δ
δgij
F (gij) = −∇i∇jϕ.
(3) For each Aa, there is a scalar function ϕa ∈ H1(M) such that the extremum
points Aa of F with the divA-free constraint satisfy the equations
(2.6)
δ
δAaµ
F (Aa) = (∇µ + βabAbµ)ϕa
where βab are parameters, divAX
a = divXa − βabAbµXaµ for the a-th vector
field Xa.
Based on PID and Theorem 2.1, the field equations with respect to the action
(2.3) are given in the form
δ
δgµν
L(g,A, ψ) = (∇µ + αbAbµ)Φν ,(2.7)
δ
δAaµ
L(g,A, ψ) = (∇µ + βabAbµ)ϕa,(2.8)
δ
δψ
L(g,A, ψ) = 0,(2.9)
where Akµ = (A
k
0 , A
k
1 , A
k
2 , A
k
3) (1 ≤ k ≤ N,N = 12) are the gauge vector fields
for the electromagnetic, weak, and strong interactions, Φµ = (Φ0,Φ1,Φ2,Φ3) is a
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vector field induced by gravitational interaction, ϕa are scalar fields generated from
the gauge field Aa, and αb, βb (1 ≤ b ≤ N) are coupling parameters.
Consider the action (2.3) as the natural combination of the four actions
L = LHE + LQED + LW + LQCD,
where LHE is the Einstein-Hilbert action, LQED is the QED gauge action, LW is the
SU(2) gauge actions for weak interactions, and LQCD is the action for the quantum
chromodynamics. Then (2.7)-(2.9) provide the unified field equations coupling all
interactions. Moreover, we see from (2.7)-(2.9) that there are too many coupling
parameters need to be determined. Fortunately, this problem can be satisfactorily
resolved, leading also the discovery of PRI.
In the remaining parts of this sections, we shall give some evidences and moti-
vations for PID.
2.2. Dark matter and dark energy. The presence of dark matter and dark
energy provides a strong support for PID. In this case, the energy-momentum
tensor Tij of normal matter is no longer conserved:
∇i(Tij) 6= 0.
Then as mentioned in the Introduction and in [17], the gravitational field equations
(1.1) are uniquely determined by constraint Lagrangian variation, i.e. by PID. Also,
by (1.2), the added term ∇i∇jϕ has no variational structure. I other words, the
term Φ = gij∇i∇jϕ cannot be added into the Einstein-Hilbert functional.
2.3. Higgs mechanism and mass generation. Higgs mechanism is another
main motivation to postulate PID in our program for a unified field theory. In
the Glashow-Weinberg-Salam (GWS) electroweak theory, the three force interme-
diate vector bosons W±, Z for weak interaction retain their masses by spontaneous
gauge-symmetry breaking, which is called the Higgs mechanism. We now show
that the masses of the intermediate vector bosons can be also attained by PID. In
fact, we shall further show in Section 4 that all conclusions of the GWS electroweak
theory confirmed by experiments can be derived by the electroweak theory based
on PID.
For convenience, we first introduce some related basic knowledge on quantum
physics. In quantum field theory, a field ψ is called a fermion with mass m, if it
satisfies the Dirac equation
(2.10) (iγµ∂µ −m)ψ = 0,
where γµ are the Dirac matrices. The action of (2.10) is
(2.11) LF =
∫
LF dx, LF = ψ¯(iγµ∂µ −m)ψ.
A field Φ is called a boson with mass m, if Φ satisfies the Klein-Gordon equation
(2.12) Φ +
(mc
h
)2
Φ = o (Φ) ,
where o(Φ) is the higher order terms of Φ, and  is the wave operator given by
 = ∂µ∂µ =
1
c2
∂2
∂t2
−∇2.
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The bosonic field Φ is massless if it satisfies
(2.13) Φ = o(Φ).
The physical significances of the fermion and bosonic fields ψ and Φ are as
follows:
(1) Macro-scale: Ψ,Φ represent field energy.
(2) Micro-sale (i.e. Quantization): ψ represents a spin- 12 fermion (particle),
and Φ represents a bosonic particle with an integer spin k if Φ is a k-tensor
field.
In particular, in the classical Yang-Mills theory, a gauge field {Aµ} = (A0, A1, A2, A3)
satisfies the following field equations:
(2.14) ∂µFµν = o(A), Fµν = ∂µAν − ∂ν , Aµ
which are the Euler-Lagrange of the Yang-Mills action
(2.15) LYM =
∫
(FµνF
µν + LF + o(A)) dx
where LF is as in (2.11), and
∂µFµν = Aν − ∂ν(∂µAµ)
Thus, for a fixed gauge
(2.16) divA = ∂µAµ = constant,
the gauge field equations (2.14) are reduced to the bosonic field equations (2.13).
In other words, the gauge field A satisfying (2.14) is a spin-1 massless boson, as A
is a vector field.
We are now in position to introduce the Higgs mechanism. Physical experiments
show that weak interacting fields should be gauge fields with masses. However, as
mentioned in (2.14), the gauge fields satisfying Yang-Mills theory are massless In
this situation, the six physicists, Higgs [9], Englert and Brout [3], Guralnik, Hagen
and Kibble [6], suggested to add a scalar field φ into the Yang-Mills functional
(2.15) to create masses.
For clearly revealing the essence of the Higgs mechanism, we only take one gauge
field (there are four gauge fields in the GWS theory). In this case, the Yang-Mills
action density is in the form
LYM = −1
4
gµαgνβ(∂µAν − ∂νAµ)(∂αAβ − ∂βAα) + ψ¯(iγµDµ −m)ψ,(2.17)
where gµν is the Minkowski metric,
(2.18) Dµψ = (∂µ + igAµ)ψ,
and g is a constant. It is clear that (2.17)-(2.18) are invariant under the following
U(1) gauge transformation
(2.19) ψ → eiθψ, Aµ → Aµ − 1
g
∂µθ.
The Euler-Lagrange equations of (2.17) are
(2.20)
Aµ − ∂µ(divA)− gJµ = 0,
(iγµDµ −m)ψ = 0,
Jµ = iψ¯γ
µψ,
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which are invariant under the gauge transformation (2.19). In (2.20) the bosonic
particle Aµ is massless.
Now, we add a Higgs action LH into (2.17):
(2.21)
LH = 1
2
gµν(Dµφ)
†(Dµφ)− 1
4
(φ†φ− ρ)2,
Dµφ = (∂µ + igAµ)φ,
(Dµφ)
† = (∂µ − igAµ)φ†,
where ρ 6= 0 is a constant. Obviously, the following action and its variational
equations
L =
∫
(LYM + LH)dx,(2.22) 
δL
δAµ
= ∂ν(∂νAµ − ∂µAν)− gJµ + ig
2
(φ(Dµφ)
† − φ†Dµφ) = 0,
∂L
δψ
= (iγµDµ −m)ψ = 0,
− δL
δφ∗
= (Dµ)†Dµφ+ (φ†φ− φ2)φ = 0,
(2.23)
are invariant under the gauge transforation
(2.24) (ψ, φ)→ (eiθψ, eiθφ), Aµ → Aµ − 1
g
∂µθ.
The equations (2.22) are still massless. However, we note that (0, 0, ρ) is a solu-
tion of (2.23), which is a ground state, i.e. a vaccum state. Consider a translation
for Φ = (A,ψ, φ) at Φ0 = (0, 0, ρ) as
(2.25) Φ = Φ˜ + Φ0, Φ˜ = (A˜, ψ˜, φ˜),
then the equations (2.23) become
(2.26)
∂ν(∂νA˜µ − ∂µA˜ν) + gρA˜µ − gJ˜µ + ig
2
J˜µ(φ˜) = 0,
(iγµDµ −m)ψ˜ = 0,
(Dµ)†Dµ(φ˜+ ρ) + ((φ˜+ ρ)†(φ˜ρ)− ρ2)(φ˜− ρ) = 0,
where
Jµ(φ˜) = φ˜(Dµφ˜)
† − φ˜†Dµφ˜.
We see that A˜µ obtains its mass m =
√
gρ in (2.26).Equations (2.26) break
the invariance for the gauge transformation (2.24), and masses are created by the
spontaneous gauge-symmetry breaking, called the Higgs mechanism, and φ˜ is the
Higgs boson.
In the following, we show that PID provides a new mechanism of creating masses,
very different from the Higgs mechanism.
In view of the equations (2.8)-(2.9) based on PID, the variational equations of
the Yang-Mills action (2.17) with the divA-free constraint are in the form
(2.27)
∂νFνµ − gJµ =
[
∂µ +
1
4
(mc
~
)2
xµ − λAµ
]
φ,
(iγµDµ −mf )ψ = 0,
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where φ is a scalar field, 14
(
mc
~
)2
xµ is the mass potential of the scalar field φ,
and Fνµ = ∂νAν − ∂µAν . If φ has a nonzero ground state φ0 = ρ, then for the
translation
φ = φ˜+ ρ, Aµ = A˜µ, ψ = ψ˜,
the first equation of (2.27) becomes
(2.28) ∂ν F˜νµ +
(m0c
~
)2
A˜µ − gJ˜µ =
[
∂µ +
1
4
(mc
~
)2
xµ − λA˜µ
]
φ˜,
where
(
m0c
~
)2
= λρ. Thus the mass m0 =
~
c
√
λρ is created in (2.28) as the Yang-
Mills action takes the divA−free constraint variation. When we take divergence on
both sides of (2.28), and by
∂µ∂ν F˜νµ = 0, ∂
µJ˜µ = 0,
we derive that the field equation of φ˜ are given by
(2.29) ∂µ∂ν φ˜+
(mc
~
)2
φ˜ = λAµ∂
µφ˜−
(mc
~
)2
xµ∂
µφ˜.
The equation (2.29) corresponds to the Higgs field equation, the third equation in
(2.26), with a fixed gauge
divA˜ =
ρ
λ
(m0c
~
)2
= ρ2,
and the value m0 is the mass of the bosonic particle φ˜. Here we remark that the
essence of the Higgs mechanism is to add an action ad hoc. However, for the field
model with PID, the mass is generated naturally.
2.4. Ginzburg-Landau superconductivity. Superconductivity studies the be-
haviors of the Bose-Einstein condensation and electromagnetic interactions. The
Ginzburg-Landau theory provides a support for PID.
The Ginzburg-Landau free energy for superconductivity is given by
(2.30) G =
∫
Ω
[
1
2Ms
|(ih∇+ es
c
A)ψ|2 + a|ψ|2 + b
2
|ψ|4 + 1
8pi
|curlA|2
]
dx,
where A is the electromagnetic potential, ψ is the wave function of superconducting
electrons, Ω is the superconductor, es and ms are the charge and mass of a Cooper
pair.
The superconducting current equations determined by the Ginzburg-Landau free
energy (2.30) are:
(2.31)
δG
δA
= 0,
which implies that
(2.32)
c
4pi
curl2A = − e
2
s
msc
|ψ|2A− ihes
ms
(ψ∗∇ψ − ψ∇ψ∗).
Let
J =
c
4pi
curl2A, Js = − e
2
s
msc
|ψ|2A− ihes
ms
(ψ∗∇ψ − ψ∇ψ∗).
Physically, J is the total current in Ω, and Js is the superconducting current. Since
Ω is a medium conductor, J contains two types of currents
J = Js + σE,
UNIFIED FIELD THEORY AND PRINCIPLE OF REPRESENTATION INVARIANCE 17
where σE is the current generated by electric field E,
E = −1
c
∂A
∂t
−∇Φ = −∇Φ,
Φ is the electric potential. Therefore, the supper-conducting current equations
should be taken as
(2.33)
1
4pi
curlA = −σ
c
∇Φ− e
2
s
msc2
|ψ|2A− ihes
msc
(ψ∗∇ψ − ψ∇ψ∗).
Comparing with (2.31) and (2.32), we find hat the equations (2.33) are in the
form
(2.34)
δG
δA
= −σ
c
∇Φ.
In addition, for conductivity the fixing gauge is
divA = 0, A · n|∂Ω = 0,
which implies that ∫
Ω
∇Φ ·Adx = 0.
Hence the term −σc∇Φ in (2.34) can not be added into the Ginzburg-Landau free
energy (2.30).
However, the equations (2.34) are just the div-free constraint variational equa-
tions: (
δG
δA
,B
)
=
d
dλ
G(A+ λB)
∣∣∣
λ=0
= 0 ∀ divB = 0.
Thus, we see PID is valid for the Ginzberg-Landau superconductivity theory.
3. Principle of Representation Invariance (PRI)
3.1. Yang-Mills gauge fields. In this section, we present a new symmetry for
gauge field theory, called the (gauge group) representation invariance. To this end
we first recall briefly the Yang-Mills gauge field theory.
The simplest gauge field is a vector field Aµ and a Dirac spinor field ψ (also
called fermion field):
Aµ = (A0, A1, A2, A3)
T and ψ = (ψ1, ψ2, ψ3, ψ4)
T ,
such that the action (2.17) with (2.18) is invariant under the U(1) gauge trans-
formation (2.19). The electromagnetic interaction is described by a U(1) gauge
field.
In the general case, a set of SU(N) (N ≥ 2) gauge fields consists of K = N2− 1
vector fields Aaµ and N spinor fields ψ
j :
(3.1) A1µ, · · · , AKµ , Ψ =
ψ
1
...
ψN
 , ψj =

ψj1
ψj2
ψj3
ψj4
 ,
which have to satisfy the SU(N) gauge invariance defined as follows.
First, the N spinor fields Ψ in (3.1) describe N fermions, satisfying the Dirac
equations
(3.2) iγ
µDµΨ−mΨ = 0,
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where the mass matrix m and the derivative operators Dµ are defined by
(3.3) m =
m1 · · · 0... . . . ...
0 · · · mN
 , Dµ = ∂µ + igAaµτa,
where Aaµ (1 ≤ a ≤ k) are vector fields given by (3.1), and τa are K = N2−1 given
complex matrices as
τa =
z
a
11 · · · zn1N
...
. . .
...
za11 · · · zaNN
 ∀1 ≤ a ≤ K = N2 − 1,
which satisfies
(3.4) τa = τa†, [τa, τ b] = iλabcτ c,
where [τa, τ b] = τaτ b − τ bτa, and λabc are the structural constants of SU(N).
The reason that Dµ in (3.2) take the form (3.3)-(3.4) is that certain physical
properties of the N fermions ψ1, · · · , ψN are not distinguishable under the SU(N)
transformations:
(3.5) Ψ˜(x) = U(x)Ψ(x), U(x) ∈ SU(N) ∀x ∈M,
where M is the Minkowski space-time manifold. Consequently, it requires that the
Dirac equations (3.2) are covariant under the SU(N) transformation (3.5).
On the other hand, each element U ∈ SU(N) can be expressed as
U = eiθ
aτa ,
where τa is as in (3.4), and θa (1 ≤ a ≤ N2 − 1) are real parameters. Therefore
(3.5) can be written as
(3.6) Ψ˜(x) = eiθ
a(x)τaΨ(x).
The covariance of (3.2) implies that
(3.7) D˜µΨ˜ = U(x)DµΨ, U(x) = e
iθa(x)τa .
Namely,
D˜µΨ˜ =∂µΨ˜ + igA˜
a
µτ
aΨ˜
=U∂µΨ + (∂µU)Ψ + igA˜
a
µτ
aUΨ
=U
[
∂µΨ + igA
a
µτ
aΨ
]
,
from which we obtain the transformation rule for Aaµ and the mass matrix m defined
by (3.3), ensuring the covariance (3.7):
(3.8)
A˜aµτ
a =
i
g
(∂µU)Ψ + UA
a
µτ
aU−1,
m˜ = UmU−1.
Thus under the SU(N) gauge transformation (3.8), equations (3.2) are covariant.
Now we need to find the equations for Aaµ obeying the covariance under the gauge
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transformation (3.6) and (3.8). Since Dµ in (3.3) satisfy (3.7) and by (3.4), the
commutator
i
g
[Dµ, Dµ] =
i
g
(∂µ + igA
a
µτ
a)(∂ν + igA
a
ντ
a)− i
g
(∂ν + igA
a
ντ
a)(∂µ + igA
a
µτ
a)
=∂µA
a
ντ
a − ∂νAaµτa − ig[Aaµτa, Aaντa]
=(∂µA
a
ν − ∂νAaµ + gλabcAbµAcν)τa
has the covariance:
[D˜µ, D˜ν ] = U [Dµ, Dν ]U
†, (U† = U−1).
Hence defining
Fµν = (∂µA
a
ν − ∂νAaµ + gλabcAbµAcν)τa,
we derive the invariance
Tr(F˜µν F˜
µν) = Tr(UFµνU
−1UFµνU−1) = Tr(FµνFµν) = F aµνF
µνa.
where
(3.9) F aµν = ∂µA
a
ν − ∂νAaµ + gλabcAbµAcν ,
Thus the functional of the gauge field A
(3.10) L =
∫
F aµνF
µνadx,
is invariant, and the Euler-Lagrange equations of (3.10) are covariant under the
gauge transformation (3.8).
3.2. SU(N) tensors. We now know that the SU(N) gauge fields have K = N2−1
vector fields Aaµ (1 ≤ a ≤ K) and N fermion wave functions Ψ:
(3.11) Aaµ =
 A
1
µ
...
AKµ
 , Ψ =
 ψ
1
...
ψN
 ,
such that the action
(3.12) L =
∫
(Lg + LF )dx,
is invariant under the gauge transformation (3.6) and (3.8), which can be equiva-
lently rewritten for infinitesimal θa as
(3.13)
Ψ˜ = eiθ
aτaΨ,
A˜aµ = A
a
µ −
1
g
∂µθ
a + λabcθbAcµ,
where τa is as in (3.4), LG,LF are the gauge and fermion action densities given by
(3.14)
LG = gµαgνβF aµνF aαβ ,
LF = Ψ¯(iγµDµ −m)Ψ,
where F aµν is as in (3.9), g
µν is the Minkowski metric, m and Dµ are as in (3.2) and
(3.3), and
Ψ¯ = (ψ¯1, · · · , ψ¯N ), ψ¯k = ψk†γ0, γ0 =
(
I 0
0 −I
)
.
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For the above gauge field theory, a very important problem is that there are
infinite number of families of generators
{τa | 1 ≤ a ≤ K = N2 − 1)
of SU(N), and each family of generators {τa} corresponds to a group of gauge
fields {Aaµ}:
(3.15) {τa | 1 ≤ a ≤ K} ←→ {Aaµ 1 ≤ a ≤ K}.
Intuitively, any gauge theory should be independent of the choice of {τa}. However,
the Yang-Mills functional (3.12) violates this principle, i.e. the form of (3.12) will
change under the gauge transformation
Aaµ → xabAbµ,
where (xab ) is a K ×K nondegenerate complex matrix.
To solve this problem, we need to establish a new gauge invariance theory. Hence
we introduce the SU(N) tensors.
In mathematics, SU(N) is an N2 − 1 dimensional manifold, and the tangent
space of SU(N) at the unit element e = I is characterized as
TeSU(N) = {iτ ∈M(CN ) | τ = τ †},
where M(CN ) is the linear space of all N × N complex matrices, and TeSU(N)
is an N2 − 1-dimensional real linear space. Hence, each generator {τ1, · · · , τK} of
SU(N) can be regarded as a basis of TeSU(N). For consistency with the notations
of tensors, we denote
τa = {τ1, · · · , τK} ⊂ TeSU(N)
as a basis of TeSU(N). Take a basis transformation
(3.16) τ˜a = x
b
aτb (or τ˜ = Xτ),
where X = (xba) is a nondegenerate complex matrix, and denote the inverse of X
by X−1 = (x˜ba). Under the transformation (3.16), the coordinate θ
a = (θ1, · · · , θK)
corresponding to the basis τa and the gauge field A
a
µ as (3.15) will transform as
follows
(3.17) θ˜a = x˜abθ
b, A˜aµ = x˜
a
bA
b
µ.
In addition, we note that
[τa, τb] = iλ
c
abτc,
where λcab are the structural constants. By (3.16) we have
[τ˜a, τ˜b] = iλ˜
c
abτ˜c = iλ˜
c
abx
d
cτd,
[τ˜a, τ˜b] = x
c
dx
d
b [τc, τd] = ix
c
ax
d
bλ
f
cdτf .
It follows that
(3.18) λ˜cab = x
f
ax
g
b x˜
c
dλ
d
fg.
From (3.17) and (3.18) we see that θa, Aaµ transform in the form of vector fields,
and the structural constants λcab transform as (1,2)-tensors. Thus, the quantities
θa, Aaµ, and λ
c
ab are called SU(N)-tensors, which are crucial for introducing an
invariance theory for the gauge fields.
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From the structural constants λcab, we can construct an important SU(N)-tensor
Gab, which can be regarded as a Riemannian metric defined on SU(N). In fact,
Gab is a 2nd-order covariant SU(N)-tensor given by
(3.19) Gab =
1
4N
λcadλ
d
cb.
3.3. Principle of Representation Invariance. As mentioned above, a phys-
ically sound gauge theory should be invariant under the SU(N) representation
transformation (3.16). In the same spirit as the Einstein’s principle of relativity,
we postulate the following principle of representation invariance (PRI).
Principle of Representation Invariance (PRI). All SU(N) gauge theories are
invariant under the transformation (3.16). Namely, the actions of the gauge fields
are invariant and the corresponding gauge field equations are covariant under the
transformation (3.16).
It is easy to see that the classical Yang-Mills actions (3.12) violate the PRI for
the general representation transformations (3.16)-(3.18). The modified invariant
actions should be in the form
(3.20)
LG =
∫
[LG + LF ]dx,
LG = GabgµαgνβF aµνF bαβ ,
L = Ψ¯ [iγµ(∂µ + igAaµτa)−m]Ψ,
where Gab is defined as in (3.19).
To ensure that the action (3.20) is well-defined, the matrix (Gab) must be sym-
metric and positive definite. In fact, by λcab = −λcba we have
Gab = λ
c
adλ
d
cb = λ
c
daλ
d
bc = Gba.
Hence (Gab) is symmetric. The positivity of (Gab) can be proved if (Gab) is positive
for a given generator τa of SU(N). In the following we show that both SU(2) and
SU(3), two most important cases in physics, possess positive matrices (Gab).
To see this, first consider SU(2). We take the Pauli matrices
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
(3.21)
as a given family of generators of SU(2). The corresponding structural constants
are given by
λcab = 2εabc, εabc =

1 if (abc) is an even permutation of (123),
− 1 if (abc) is an odd permutation of (123),
0 otherwise.
It is easy to see that
Gab =
1
8
λcabλ
b
ca = δab.
Namely (Gab) is an Euclidian metric. Thus for the representation with generators
(3.21), the action (3.20) is the same as the classical Yang-Mills.
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Second, for SU(3), we take the generators of the Gell-Mann representation of
SU(3) as
(3.22)
λ1 =
0 1 01 0 0
0 0 0
 , λ2 =
0 −i 0i 0 0
0 0 0
 , λ3 =
1 0 00 −1 0
0 0 0
 ,
λ4 =
0 0 10 0 0
1 0 0
 , λ5 =
0 0 −i0 0 0
i 0 0
 , λ6 =
0 0 00 0 1
0 1 0
 ,
λ7 =
0 0 00 0 −i
0 i 0
 , λ8 =
1 0 00 1 0
0 0 −2
 .
The structural constants are
λcab = 2fabc, 1 ≤ a, b, c ≤ 8,
where fabc are antisymmetric, and
(3.23)
f123 = 1, f147 = −f156 = f246 = f257 = f345 = −f367 = 1
2
,
f458 = f678 =
√
3
2
.
We infer from (3.23) that
(3.24)
λcadλ
d
cb = 0 ∀a 6= b,
λcabλ
b
ca = 12 ∀1 ≤ a ≤ 8.
Hence we have
Gab =
1
12
λcadλ
d
cb = δab.
Again, (Gab) is an Euclid metric for the Gell-Mann representation (3.22) of SU(3).
In fact, for all N ≥ 2 there exists a representation {τa} of SU(N) generators,
such that the metric Gab = δab is Euclidian. These N×N matrices τa can be taken
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in the form
(3.25)
τ
(1)
1 =
(
σ1 0
0 0
)
, τ
(1)
2 =
(
σ2 0
0 0
)
, τ
(1)
3 =
(
σ3 0
0 0
)
,
τ
(2)
1 =
(
λ4 0
0 0
)
, τ
(2)
2 =
(
λ5 0
0 0
)
, τ
(2)
3 =
(
λ6 0
0 0
)
,
τ
(2)
4 =
(
λ7 0
0 0
)
, τ
(2)
5 =
(
λ8 0
0 0
)
,
...
τ
(N−1)
1 =
0 · · · 1... . . . ...
1 · · · 0
 , τ (N−1)2 =
0 · · · −i... . . . ...
i · · · 0
 ,
τ
(N−1)
3 =

0 0 · · · 0
0 0 · · · 1
...
...
. . .
...
0 1 · · · 0
 , τ4 =

0 0 · · · 0
0 0 · · · −i
...
...
...
0 i · · · 0
 ,
...
τ
(N−1)
2N−1 =
(
Id 0
0 −(N − 1)
)
,
where σi (1 ≤ i ≤ 3) and λk (4 ≤ k ≤ 8) are as in (3.21) and (3.22). With these
generators (3.25),
(3.26) Gab =
1
4N
λcadλ
d
cb = δab.
Thus the 2nd-order covariant gauge tensor {Gab} is symmetric and positive defi-
nite, and defines a Riemannian metric on SU(N) by taking the inner product in
TBSU(N) as
〈dθa, dθb〉 = Gab(B)dθadθb ∀B ∈ SU(N).
3.4. Unitary rotation gauge invariance. In the above subsection, we have pro-
posed the PRI, and established a covariant theory for the SU(N) gauge fields (3.11)
under a general basis transformation (3.16). In (3.26) we see that the SU(N) tensor
{Gab} gives rise to an Euclidian metric if we take τa as in (3.25). We know that
the same linear combinations of gauge fields
A˜aµ = z
a
bA
b
µ, z
a
b ∈ C,
represent interacting field particles provided the matrix (zab ) is modular preserving:
(zab ) ∈ SU(N2 − 1).
This leads us to study the covariant theory for complex rotations of gauge fields
corresponding to the Euclid metric Gab = δab as follows.
Let τa be the generators of SU(N) given by (3.25). Then we take the unitary
transformation
(3.27) τ˜b = zbaτa, (zba) ∈ SU(N2 − 1).
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For the orthogonal transformation, the SU(N)−tensors λcab have no distinction
between contra-variant and covariant indices, i.e.
λcab = λabc.
Therefore the metric tensors Gab can be written as
Gab = λacdλ
∗
dcb,
where λ∗ is the complex conjugate of λ, and λacd transform as
(3.28) λ˜abc = zadzbfzcgλdfg.
Thus G˜ab is as follows
(G˜ab) =(λ˜acdλ˜
∗
dcb) = (zab)(Gab)(zab)
† = (δab),
thanks to Gab = δab. Hence, under the unitary transformation (3.27), the SU(N)
metric (Gab) is invariant. The corresponding unitary transformations of A
a
µ and θ
a
are given by
(3.29) A˜aµ = zabA
b
µ, θ˜
a = zabθ
b.
Thus, for the unitary transformations (3.27)-(3.29), the invariant gauge action
(3.20) becomes
(3.30)
LG =
∫
[LG + LF ]dx,
LG = gµαgνβF a†µνF aαβ ,
LF = Ψ¯
[
iγµ(∂µ − igAa†µ τa)−m
]
Ψ,
where F aµν is as in (3.9) with λ
abc = λabc.
3.5. Remarks. In summary, we have shown the following theorem, providing the
needed mathematical foundation for PRI.
Theorem 3.1. For SU(N) (N ≥ 2), the following assertions hold true:
(1) For each representation of SU(N) with generators {τa}, the SU(N)-tensor
(Gab) is symmetric and positive definite. Consequently, (Gab) can be de-
fined on SU(N) as a Riemannian metric, and the action (3.20) is a unique
form which obeys the Lorentz invariance, the gauge invariance of the trans-
formation (3.13), and the PRI.
(2) If {τa} is taken as in (3.25), the metric (Gab) is Euclidian, and is invari-
ant under the unitary transformation (3.27). Moreover, the corresponding
unitary invariant action takes the form (3.30).
PRI provides a strong restriction on gauge field theories, and we address now
some direct consequences of such restrictions.
We know that the standard model for the electroweak and strong interactions
is a U(1) × SU(2) × SU(3) gauge theory combined with the Higgs mechanism. A
remarkable character for the Higgs mechanism is that the gauge fields with different
symmetry groups are combined linearly into terms in the corresponding gauge field
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equations. For example, in the Weinberg-Salam electroweak gauge equations with
U(1)× SU(2) symmetry breaking, there are such linearly combined terms as
(3.31)
Zµ = cos θwW
3
µ + sin θwBµ,
Aµ = − sin θwW 3µ + cos θwBµ,
W±µ =
1√
2
(W 1µ ± iW 2µ),
where W aµ (1 ≤ a ≤ 3) are SU(2) gauge fields, and Bµ is a U(1) gauge field.
It is clear that these terms (3.31) are not covariant under the general unitary
transformation as given in (3.27). Hence the classical Higgs mechanism violates the
PRI. As the standard model is based on the classical Higgs mechanism, it violates
PRI and can only be considered an approximate model describing interactions in
nature.
The grand unification theory (GUT) puts U(1)⊗ SU(2)⊗ SU(3) into SU(5) or
O(10), whose gauge fields correspond to some specialized representations of SU(5)
or O(10) generators. Since similar Higgs are crucial for GUT, it is clear that GUT
violates PRI as well.
As far as we know, it appears that the only unified field model, which obeys PRI,
is the unified field theory based on PID presented in this article, from which we can
derive not only the same physical conclusions as those from the standard model,
but also many new results and predictions, leading to the solution of a number of
longstanding open questions in particle physics.
4. Unified Field Model Based on PID and PRI.
4.1. Unified field equations obeying PRI. In [17], we derived a set of unified
field equations coupling four interactions based on PID. In view of PRI, we now
refine this model, ensuring that these equations are covariant under the U(1) ⊗
SU(2)⊗ SU(3) generator transformations.
The action functional is the natural combination of the Einstein-Hilbert func-
tional, the QED action, the weak interaction action, and the standard QCD action:
(4.1) L =
∫
[LEH + LQED + LW + LQCD]
√−gdx,
where
(4.2)
LEH = R+ 8piG
C4
S,
LQED = −1
4
gµαgνβFµνFαβ + ψ¯(iγ
µD˜µ −m)ψ,
LW = −1
4
Gwabg
µαgνβW aµνW
b
αβ + L¯(iγ
µD˜µ −ml)L,
LQCD = −1
4
Gsabg
µαgνβSaµνS
b
αβ + q¯(iγ
µD˜µ −mq)q.
Here R is the scalar curvature of the space-time Riemannian manifold (M, gµν)
with Minkowski signature, S is the energy-momentum density, Gwab and G
s
ab are
the metrics of SU(2) and SU(3) as defined by (3.19), ψ are the wave functions of
charged fermions, L = (L1, L2)
T are the wave functions of lepton and quark pairs
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(each has 3 generations), q = (q1, q2, q3)
T are the flavored quarks, and
(4.3)
Fµν = ∇µAν −∇νAµ,
W aµν = ∇µW aν −∇νW aµ + gwλabcW bµW cν ,
Saµν = ∇µSaν −∇νSaµ + gsΛabcSbµScν .
Here Aµ is the electromagnetic potential, W
a
µ (1 ≤ a ≤ 3) are the SU(2) gauge
fields for the weak interaction, Saµ (1 ≤ a ≤ 8) are the SU(3) gauge fields for QCD,
∇µ is the Levi-Civita covariant derivative, and
D˜µL = (∇˜µ + ieAµ + igwW aµσa)L,
D˜µψ = (∇˜µ + ieAµ)ψ,(4.4)
D˜µq = (∇˜µ + igsSbµτb)q,
where ∇˜µ is the Lorentz Vierbein covariant derivative [10], σa (1 ≤ a ≤ 3) are the
generators of SU(2), and τb (1 ≤ b ≤ 8) are the generators of SU(3).
We can show that, for a gauge field Aµ and an antisymmetric tensor field Fµν ,
we have
(4.5)
∇µAν −∇νAµ = ∂µAν − ∂νAµ,
∇µFµν = ∂µFµν .
It is easy to see that the action (4.1) obeys the principle of general relativity, and
is invariant under Lorentz (Vierbein) transformation, and the U(1)×SU(2)×SU(3)
gauge transformation:
(4.6)
Aµ → Aµ − 1
e
∇˜µθ,
W aµ →W aµ −
1
gw
∇˜µθa + λabcθbwcµ,
Saµ → Saµ −
1
gs
∇˜µφa + ΛabcφbScµ,
ψ → eiθψ,
L→ eiθaσaL,
q → eiφaτaq,
ml → eiφaτamle−iφaτa .
Also, the action (4.1) is invariant under the transformations of SU(2) and SU(3)
generators σa and τa:
(4.7)
σa → xbaσb, (xba) ∈ GL(C3),
τa → ybaτb, (yba) ∈ GL(C8),
where GL(Cn) is the general linear group of all n × n non-degenerate complex
matrices.
We are now in position to establish unified field equations with PRI covariance.
By PID and PRI, the unified model should be taken by the variation of the action
(4.1) under the divA-free constraint
(δL,X) = 0 for any X with divAX = 0.
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Here it is required that the gradient operators ∇A corresponding to divA are co-
variant under transformation (4.7). Therefore we have
(4.8)
DGµ = ∇µ − α0Aµ − α1bW bµ − α2kSkµ,
DEµ = ∇µ − β0Aµ − β1bW bµ − β2kSkµ,
Dwµ = ∇µ − γ0Aµ − γ1bW bµ − γ2kSkµ +
m2w
4
xµ,
Dsµ = ∇µ − δ0Aµ − δ1bW bµ − δ2kSkµ +
m2s
4
xµ,
where
(4.9)
mw,ms, α
0, β0, γ0, δ0 are scalar parameters,
α1a, β
1
a, γ
1
a, δ
1
a are the SU(2) order-1 tensors,
α2k, β
2
k, γ
2
k, δ
2
k are the SU(3) order-1 tensors.
Thus, (2.7)-(2.8) can be expressed as
(4.10)
δL
δgµν
= DGµ Φ
G
ν ,
δL
δAµ
= DEµ φ
E ,
δL
δW aµ
= Dwµ φ
a
w,
δL
δSkµ
= Dsµφ
k
s ,
where ΦGν is a vector field, and φ
E , φaw, φ
k
s are scalar fields.
Then, the unified model with PRI covariance is derived from (4.1)-(4.5), (4.10)
and (2.9) as
Rµν − 1
2
gµνR+
8piG
c4
Tµν = D
G
µ Φ
G
ν ,(4.11)
∂µ(∂µAν − ∂νAµ)− eJν = DEν φE ,(4.12)
Gwab
[
∂µW bµν − gwλbcdgαβW cανW dβ
]− gwJνa = Dwν φwa ,(4.13)
Gskj
[
∂µSjµν − gsΛjcdgαβScανSdβ
]
− gsQνk = Dsνφsk,(4.14)
(iγµD˜µ −ml)L = 0,(4.15)
(iγµD˜µ −m)ψ = 0,(4.16)
(iγµD˜µ −mq)q = 0,(4.17)
where DGµ , D
E
µ , D
w
µ , D
s
ν are given by (4.8), and
Jν = ψ¯γνψ, Jνa = L¯γνσaL, Qνk = q¯γντkq,(4.18)
Tµν =
δS
δgµν
+
c4
16piG
gαβ(GwabW
a
αµW
b
βν +G
s
abS
a
αµS
b
βν + FαµFβν)(4.19)
− c
4
16piG
gµν(LQED + LW + LQCD).
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4.2. Coupling parameters. The equations (4.11)-(4.17) are in general form where
the SU(2) and SU(3) generators σa and τa are taken arbitrarily. If we take
σa (1 ≤ a ≤ 3) as the Pauli matrices (3.21), and τa = λa (1 ≤ a ≤ 8) as the
Gell-Mann matrices (3.22), then both metrics
(4.20) Gwab = δab (1 ≤ a, b ≤ 3), Gsab = δab (1 ≤ a, b ≤ 8)
are the Euclidian, and there is no need to distinguish the SU(N) covariant tensors
and contra-variant tensors.
Hence in general we usually take the Pauli matrices σa and the Gell-Mann ma-
trices λk as the SU(2) and SU(3) generators. For convenience we introduce dimen-
sions of related physical quantities. Let E represent energy, L be the length and t
be the time. Then we have
(Aµ,W
a
µ , S
k
µ) :
√
E/L, (e, gw, gs) :
√
EL,
(Jµ, Jµa, Qµk) : 1/L
3, (φE , φaw, φ
k
s) :
√
E√
LL
,
~ : Et, c : L/t, mc/~ : 1/L (m the mass).
Thus the parameters in (4.9) can be rewritten as
(4.21)
(mw,ms) =
(mHc
~
,
mpic
~
)
,(
α0, β0, γ0, δ0
)
=
e
~c
(
αE , βE , γE , δE
)
,(
α1a, β
1
a, γ
1
a, δ
1
a
)
=
gw
~c
(αwa , β
w
a , γ
w
a , δ
w
a ) ,(
α2k, β
2
k, γ
2
k, δ
2
k
)
=
gs
~c
(αsk, β
s
k, γ
s
k, δ
s
k) ,
where mH and mpi represent the masses of φ
w and φs, and all the parameters
(α, β, γ, δ) on the right hand side with different super and sub indices are dimen-
sionless constants.
It is worth mentioning that the to-be-determined coupling parameters lead to
the discovery of PRI. Perhaps there are still some undiscovered physical principles
or rules which can reduce the number of parameters in (4.21).
Then the unified field equations (4.11)-(4.17) can be simplified in the form
Rµν − 1
2
gµνR = −8piG
c4
Tµν +
[
∇µ − eα
E
~c
Aµ − gwα
w
b
~c
W bµ −
gsα
s
k
~c
Skµ
]
Φν ,(4.22)
∂νFνµ = eJµ +
[
∇µ − eβ
E
~c
Aµ − gwβ
w
b
~c
W bµ −
gsβ
s
k
~c
Skµ
]
φE ,(4.23)
∂νW aνµ −
gw
~c
εabcgαβW bαµW
c
β − gwJaµ(4.24)
=
[
∇µ − eγ
E
~c
Aµ − gwγ
w
b
~c
W bµ −
gsγ
s
k
~c
Skµ +
1
4
(mHc
~
)2
xµ
]
φaw,
∂νSkνµ −
gs
~c
fkijgαβSiαµS
j
β − gsQkµ(4.25)
=
[
∇µ − eδ
E
~c
Aµ − gwδ
w
b
~c
W bµ −
gsδ
s
l
~c
Slµ +
1
4
(mpic
~
)2
xµ
]
φks ,
(iγµDµ − m˜)Ψ = 0,(4.26)
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where Ψ = (ψ,L, q), Fµν is as in (4.3), and
(4.27)
W aνµ = ∂νW
a
µ − ∂µW aν +
gw
~c
εabcW bνW
c
µ,
Skνµ = ∂νS
k
µ − ∂µSkν +
gs
~c
fkijSiνS
j
µ.
Equations (4.22)-(4.26) need to be supplemented with coupled gauge equations to
fix the gauge to compensate the symmetry-breaking and the induced adjoint fields
(φE , φaw, φ
k
s). In different physical situations, the coupled gauge equations may be
different. However, they usually take the following form:
(4.28) ∂µAµ = 0, ∂
µW aµ = constant, ∂
µSkµ = constant.
From the physical point of view, the coefficients αE , βE , γE , δE should be the
same:
(4.29) αE = βE = γE = δE ,
depending on the energy density. For the SU(2) and SU(3) vector constants, it is
natural to take
(4.30)
αwa = β
w
a = γ
w
a = δ
w
a for 1 ≤ a ≤ 3,
αsk = β
s
k = γ
s
k = δ
s
k for 1 ≤ k ≤ 8.
Therefore, by (4.29) and (4.30), the to-be-determined parameters reduce to the
following SU(2) and SU(3) vectors:
(4.31) {αwa } = (αw1 , αw2 , αw3 ) and {αsk} = (αs1, · · · , αs8),
consisting of 11 to-be-determined constants. In particular, in two accompanying
papers on weak and strong interactions, we find that each component of {αwa } and
{αsk} represents the portion distributed to the gauge potential W aµ and Skµ by the
weak and strong charges gw and gs. Consequently, we have
(4.32) |{αwa }| =
√
αwa α
w
a = α
w, |{αsk}| =
√
αskα
s
k = α
s.
The strength scalar parameters αE , αw and αs depend on the energy density, and
for decoupled interaction, they all are given by
(4.33) αE = αw = αs = 1.
Hence finally, we derive the following
Rµν − 1
2
gµνR+
8piG
c4
Tµν =
[
∇µ − eα
E
~c
Aµ − gwα
w
a
~c
W aµ −
gsα
s
k
~c
Skµ
]
Φν ,(4.34)
∂νFνµ =
[
∇µ − eα
E
~c
Aµ − gwα
w
a
~c
W aµ −
gsα
s
k
~c
Skµ
]
φE + eJµ,(4.35)
∂νW aνµ −
gw
~c
εabcg
αβW bαµW
c
β − gwJaµ(4.36)
=
[
∇µ + 1
4
(mHc
~
)2
xµ − eα
E
~c
Aµ − gwα
w
b
~c
W bµ −
gsα
s
k
~c
Skµ
]
φaw,
∂νSkνµ −
gs
~c
fkijgαβSiαµS
j
β − gsQkµ(4.37)
=
[
∇µ + 1
4
(mpic
~
)2
xµ − eα
E
~c
Aµ − gwα
w
a
~c
W aµ −
gsα
s
j
~c
Sjµ
]
φks ,
(iγµDµ − m˜)Ψ = 0.(4.38)
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5. Duality and Decoupling of Interacting Fields
5.1. Duality. In [17], we have obtained a natural duality between the interacting
fields (g,A,W a, Sk) and their adjoint fields (Φµ, φ
E , φwa , φ
s
k) as follows
(5.1)
{gµν} ←→ Φµ,
Aµ ←→ φE ,
W aµ ←→ φaw ∀1 ≤ a ≤ 3,
Skµ ←→ φks ∀1 ≤ k ≤ 8.
However, due to the discovery of PRI symmetry, the SU(2) gauge fields W aµ (1 ≤
a ≤ 3) and the SU(3) gauge fields Sbµ (1 ≤ b ≤ 8) are symmetric in their indices
a = 1, 2, 3 and b = 1, · · · , 8 respectively. Therefore the corresponding relation (5.1)
is changed into the following dual relation
(5.2)
{gµν} ←→ Φµ,
Aµ ←→ φE ,
{W aµ} ←→ {φaw},
{Skµ} ←→ {φks}.
In comparison to the duality (5.1) discovered in [17], the new viewpoint here is that
the three fields W aµ (a = 1, 2, 3) and the eight fields S
k
µ (1 ≤ k ≤ 8) are regarded
as two gauge group tensors corresponding to SU(2) and SU(3) tensor fields: {φaw}
and {φks} respectively. This change is caused by the PRI symmetry, leading to the
PRI covariant field equations (4.11)-(4.17).
In [15, 17], we have discussed the interaction between the gravitational field
{gij} and its adjoint field {Φµ}, leading to a unified theory for dark energy and
dark matter. Hereafter we focus on the electromagnetic pair Aµ and φ
E , the weak
interaction pair {waµ} and {φaw}, and the strong interaction pair {Skµ} and {φks}.
An important case is that
φaw = η
aφw,(5.3)
φks = ζ
kφs,(5.4)
where ηa and ζk are constant representation vectors.
5.2. Modified QED model. For the electromagnetic interaction only, the decou-
pled QED field equations from (4.23), (4.28) and (4.29) are given by
1
c2
∂2Aµ
∂t2
−∇2Aµ = eJµ +
[
∂µ − α
Ee
~c
Aµ
]
φE ,(5.5)
iγµ(∂µ + ieAµ)ψ −mψ = 0,(5.6)
∂µAµ = 0,(5.7)
where αE = ±1, Jµ = ψ¯γµψ is the current satisfying
∂µJµ = 0.
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Equations (5.5)-(5.7) are the modified QED model, which can also be written as(
1
c2
∂2
∂t2
−∇2
)
Aµ +
αEe
~c
φEAµ = eJµ + ∂µφ
E ,(5.8) (
1
c2
∂2
∂t2
−∇2
)
φE − α
Ee
~c
Aµ · ∂µφE = 0,(5.9)
iγµ(∂µ + ieAµ)ψ −mψ = 0,(5.10)
∂µAµ = 0.(5.11)
If we take the form
(5.12) H = curl ~A, E = −1
c
∂ ~A
∂t
−∇ϕ,
where Aµ = (ϕ, ~A), ~A = (A1, A2, A3), then the equations (4.12) and (5.11) are a
modified version of the Maxwell equations expressed as
1
c
∂H
∂t
= −curlE,(5.13)
H = curl ~A,(5.14)
1
c
∂E
∂t
= curlH + ~J +∇φE − α
Ee
~c
φE ~A,(5.15)
divE = ρ+
1
c
∂φE
∂t
− α
Ee
~c
φEϕ,(5.16) (
1
c2
∂2
∂t2
−∇2
)
φE − α
Ee
~c
(
1
c
ϕ
∂φE
∂t
− ~A · ∇φE
)
= 0,(5.17)
where ~J = (J1, J2, J3) is the electric current density and ρ is the electric charge
density. Equations (5.13)-(5.17) need to be supplemented with a coupled equation
to fix the gauge compensating the symmetry breaking and the induced adjoint field
φE .
5.3. Weak interactions. We derive now the field equations for weak interaction
using an SU(2) gauge theory based on PID and PRI. The action functional is
(5.18) LW =
∫
LW dx,
where
(5.19) LW = −1
4
Gwabg
µαgνβW aµνW
b
αβ + L¯(iγ
µDµ −ml)L.
Here Gwab is the metric defined by (3.19), L = (L1, L2)
T are the wave functions of
left-hand lepton and quark pairs (each has 3 generations), and
(5.20) W aµν = ∂µW
a
ν − ∂νW aµ +
gw
~c
λabcW
b
µW
c
ν .
Here W aµ (1 ≤ a ≤ 3) are the SU(2) gauge fields for the weak interaction, and
DµL = (∂µ + igwW
a
µ τa)L,(5.21)
where τa (1 ≤ a ≤ 3) are the generators of SU(2).
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Using PID, the weak interaction field equations are given by
Gwab
[
∂µW bµν −
gw
~c
λbcdg
αβW cανW
d
β
]
− gwJνa(5.22)
=
[
∂ν − gw~c α
w
b W
b
ν +
k20
4
xν
]
φwa ,
(iγµD˜µ −ml)L = 0,(5.23)
where Jνa = L¯γντaL, k0 is a constant, k
2
0xµ/4 is a mass potential, gw is the weak
charge, and αwa is the SU(2) vector representing the portions distributed to the
gauge potentials by the weak charge.
The above field equations readily lead to a natural duality:
(5.24) {W aµ} ←→ {φaw}.
The left side of this duality induces the intermediate vector bosons W± and Z, and
the right had side gives rise to three Higgs bosons: one neutral and two charged.
We can separate the field equations for φaw by taking divergence on both sides of
(5.22). Take the Pauli matrices as the generators of SU(2), and notice that
∂µ∂νW aµν = 0 ∀1 ≤ a ≤ 3.
Then we derive that(
1
c2
∂2
∂t2
−∇2
)
φaw +
(mHc
~
)2
φaw +
1
4
(mHc
~
)2
xµ∂
µφaw(5.25)
− gw
~c
αwb ∂
µ(W bµφ
a
w) = gw∂
µJaµ −
gw
2~c
gααεabc∂µ(W bαµW
c
α).
Another possible duality is the degenerate case where the three scalar fields φwa
are a constant vector ζa times a single scalar field φ
w: φwa =
gw√
~cζaφ
w. In this case,
the duality reduces to
(5.26) {W aµ} ←→ {φw}.
Again, the left side of this duality induces the intermediate vector bosons W± and
Z. However, the right had side gives rise to one neutral Higgs boson.
For the duality (5.26), if we take the Pauli matrices as the generators of SU(2),
then (5.22) can be rewritten as
∂µW aµν −
gw
~c
εabcgαβW bανW
c
β − gwJaν =
gw√
~c
ζa
[
∂µ − gw~c α
w
b W
b
ν +
k20
4
xν
]
φw.
(5.27)
5.4. Strong interactions. The decoupled model for strong interaction is given
by:
Gskj
[
∂µSjµν − gsΛjcdgαβScανSdβ
]
− gsQνk(5.28)
=
[
∂ν +
1
4
(mpic
~
)2
xν − gs~cα
s
jS
j
ν
]
φsk,
iγµ(~c∂µ + igsSkµλk)q −mqc2q = 0,(5.29)
where {αsk} = (αs1, · · · , αs8) is the SU(3) constant vector, and
(5.30) Sjµν = ∂µS
j
ν − ∂νSjµ +
gs
~c
ΛjklS
k
µS
l
ν .
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For the strong interactions duality
{Skµ} ←→ {φks},
if we take τa = λa (1 ≤ a ≤ 8) as the Gell-Mann matrices (3.22), the field equations
derived from (4.25) and (4.26) are given by
∂νSkνµ −
gs
~c
fkijgαβSiαµS
j
β − gsQkµ =
[
∂µ +
1
4
(mpic
~
)2
xµ −
gsα
s
j
~c
Sjµ
]
φks ,(5.31)
(iγµDµ −m)q = 0,(5.32)
where mpi is the mass of the Yukawa meson, f
bcd are the structural constants as in
(3.23),
(5.33) Qkµ = q¯γµλ
kq (1 ≤ k ≤ 8)
are quark currents, m is the quark mass, and
Dµ = ∂µ + igsS
k
µλ
k.
Taking divergence on both sides of (5.31), we derive the equation for the adjoint
fields φks as follows(
1
c2
∂2
∂t2
−∇2
)
φks +
(mpic
~
)2
φks +
1
4
(mpic
~
)2
xµ∂
µφks(5.34)
− gsα
s
j
~c
∂µ(Sjµφ
k
s) = gs∂
µQkµ −
gs
~c
fkijgαα∂µ(SiαµS
j
α).
Equations (5.31), (5.32) and (5.34) are the duality model for strong interacting
fields.
If we consider the duality (5.4), the field equation (5.31) is expressed as
∂νSkνµ −
gs
~c
fkijgααSiαµS
j
α − gsQkµ =
gs√
~c
ζk
[
∂µ +
1
4
(mpic
~
)2
xµ
]
φs.(5.35)
Here we ignored the coupling to Skµ due to the fact that gluons are massless. Taking
divergence on both sides of (5.35) and making the contraction with {ζk} we have
∂µ∂µφ
s +
(mpic
~
)2
φs = −
√
~c
|ζ|2 ζ
k∂µQkµ(5.36)
− 1
4
(mpic
~
)2
xµ∂
µφs − 1√
~c
ζk
|ζ|2 f
kijgαβ∂µ(SiαµS
j
β).
6. Quark Potentials
6.1. Strong acting forces. We know that the electromagnetism is caused by the
electric charge e, and the coupling constant of the U(1) gauge field. In particular,
the electromagnetic potential Aµ = (A0, A1, A2, A3) can be interpreted as:
(6.1)
A0 = Φ the electric potential,
~A = (A1, A2, A3) the magnetic potential,
and
(6.2)
Fe = −e∇Φ the force acting on particles with charge e,
Fm =
1
c
e ~v × curl ~A the Lorentz force acting on e.
34 MA AND WANG
In the same spirit as the electromagnetism, the strong interaction is modeled by
an SU(3) gauge theory. The gauge potential Sµ consists of eight constituents of
vector fields:
Sµ = {Skµ | 1 ≤ k ≤ 8}, Skµ = (Sk0 , Sk1 , Sk2 , Sk3 ),
and the k-th constituent Skµ corresponds to the k-th gluon. The coupling constant
gs of SU(3) gauge fields plays a similar role as the electric charge e, and is called
the strong charge. The zeroth components Sk0 represent the strong-charge poten-
tials, and the spatial components ~Sk = (Sk1 , S
k
2 , S
k
3 ) represent strong-rotational
potentials. Hence
(6.3) F kSE = −Ngs∇Sk0
is defined to be the k-th component of force acting on particles with N strong
charges gs, generated by exchanging the k-th gluon. The total acting force is
defined as
(6.4) FSE = −Ngs∇S0, S0 = αksSk0 ,
where {αsk} = {αks} is the SU(3) dimensionless constant vector. Also
(6.5)
F kSM = gsf
kij ~J i × curl~Sj ,
FSM = gsf
kijαks ~J
i × curl~Sj ,
are called the strong-rotational forces, where ~Jk = (Jk1 , J
k
2 , J
k
3 ) is the strong charge
current density. It is clear that FSE and FSM in (6.4) and (6.5) obey PRI.
In particular, for quarks Jkµ = Q
k
µ are as in (5.33), and
Jk0 = q¯γ0λ
kq
represents strong charge density of quarks.
6.2. Quark potentials. We know that the mediators of strong interaction are the
eight gluons gk (1 ≤ k ≤ 8), with corresponding gauge vector fields Skµ :{
Skµ = (S
k
0 , S
k
1 , S
k
2 , S
k
3 )
} ←→ {gk}.
As addressed earlier, for each k, the component Sk0 represents the k-th component
of the quark potential. Namely, the k-th component of quark force F k is given by
F k = −∇Φk, Φk = gsSk0 .
We now derive an approximate formula for the quark potentials Φk from the
field equations (5.31) and (5.32). For simplicity, we only consider the case ignoring
the coupling of φs with Aµ,W
a
µ and S
k
µ, as gluons are massless bosonic fields. Thus
using the duality (5.4), the field equations (5.35) are written as
(6.6) ∂νSkνµ −
gs
~c
fkjlgαβSjαµS
l
β − gsQkµ =
gsζ
k
√
~c
[
∂µ +
k20
4
xµ
]
φs,
where k0 = mpic/~. Equations (6.6) need to be supplemented with a coupling gauge
equation for compensating φs generated:
(6.7) fkijζkgαβ∂µ(SiαµS
j
β) = 0.
Note that
∂µ∂νSkµν = 0 ∀1 ≤ k ≤ 8.
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Taking divergence on both sides of (6.6), and making the contraction with {ζk},
we have
(6.8) φs + k20φs + k20xµ∂µφs = −
√
~cζk
|ζ|2 ∂
µQkµ,
where  is the wave operator.
By (5.33) we have
∂µQkµ = ∂µq¯γ
µλkq + q¯γ
µλk∂µq.
In view of the Dirac equation (5.32),
∂µq¯γ
µλkq = i
gs
~c
Sjµq¯γ
µλjλkq + i
mgc
~
q¯λkq,
q¯γµλk∂µq = −i gs~cS
j
µq¯γ
µλkλjq − imgc~ q¯λkq.
Hence we arrive at
∂µQkµ = i
gs
~c
Sjµq¯γ
µ[λj , λk]q = −2gs~c f
jklSjµQ
µl,
where Qµl = gµαQlα.
For a static quark, its strong charge 4-current density θµ and fields φ
s, Skµ satisfy
(6.9) Qkµ = α
k
sθµδ(r),
∂φs
∂t
=
∂Skµ
∂t
= 0.
Therefore, by (6.7) and (6.9), equation (6.8) is rewritten as
(6.10) −∇2φs + k20φs = gsκδ(r)− k20~x · ∇φs,
where
~x · ∇φs = x1 ∂φ
s
∂x1
+ x2
∂φs
∂x2
+ x3
∂φs
∂x3
, κ =
2θ0√
~c
fkij
θµζ
k
θ0|ζ|2 ,
and S¯kµ
∼= Skµ(0) is the average
(6.11) S¯kµ =
1
|Bρ0 |
∫
Bρ0
Skµdv,
where ρ0 is the effective radius of quarks. Later, we shall see that
Skµ ∼
1
r
as r →∞.
Hence, by (6.11) we obtain
S¯kµ = ξ
k
µρ
−1
0 .
Thus the parameter κ is
(6.12) κ =
2θ0D√
~c
1
ρ0
, D = f ijkαisξ
j
µ
θµζ
k
θ0|ζ|2 .
Since the quark radius ρ0 ∼= 0, (6.12) shows that the parameter κ is very large.
Consequently equation (6.10) can be taken approximately as
(6.13) −∇2φs + k20φs = gsκδ(r)− k20~x · ∇φ0,
where φ0 is the solution of the following equation
(6.14) −∇2φ0 + k20φ0 = gsκδ(r).
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It is known that the solution φ0 of (6.14) is given by
φ0 =
gsκ
r
e−k0r, k0 =
mc
~
,
where m is the mass of the strong dual scalar field φs–the Higgs spin-0 type boson
particle with m ≥ 100GeV/c2. Physically, for the quark fields we have
r ≤ 1
k0
≤ 10−16cm.
Hence, inserting φ0 in (6.13) we derive an exact solution of (6.13) as follows
(6.15) φs = gsκe
−k0r
(
1
r
+
3k0
4
+
k20
4
r
)
,
which is an approximate solution for (6.10).
We now return to the zeroth-components of the field equations (6.6). By (6.9),
using the fact that
fklrfkijSr0S
i
0S
j
0 = 0,
we derive that
−∇2Sk0 −
3gs
2~c
fklr∇Sl0 · ~Sr +
1
2
( gs
~c
)2
fklrf lij ~Sr · ~SiSj0(6.16)
+
gs
~c
fkijdiv~SiSj0 = gsα
k
sθ0δ(~x) +
gsζ
k
4
√
~c
k20cτφ
s,
where τ is the lifetime of φs, and
~Sk =
(
Sk1 , S
k
2 , S
k
3
)
, div~Sk =
∂Sk1
∂x1
+
∂Sk2
∂x2
+
∂Sk3
∂x3
,
∇ =
(
∂
∂x1
,
∂
∂x2
,
∂
∂x3
)
, ~x = (x1, x2, x3).
The equations (6.6) with µ 6= 0 are given by
−∇2Skµ −∇(div~Sk) +
gs
~c
fkijdiv(~SiSjµ)−
gs
2~c
fkijgαβSiαµS
j
β(6.17)
= αksθµgsδ(~x) +
[
∂µ +
k20
4
xµ
]
φs.
Physically, we have the relations
(6.18)
θµθµ  θ20 for 1 ≤ µ ≤ 3,
1
k0
 cτ or more precisely k0cτ > 105.
It follows from (6.17) and (6.18) that
(6.19) |SkµSkν |  |Sk0Sk0 | for 1 ≤ µ, ν ≤ 3.
In fact, Skµ (1 ≤ µ ≤ 3) represent the strong-rotational potential caused by the
quark spin, and Sk0 represents the strong-charge potential generated by the charge
gs. Therefore, the property (6.19) is natural in physics, and the coupling energy
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of the strong-charge Sk0 and the strong-rotationsl
~Sk of a quark is weak. Hence in
(6.16) we have
(6.20)
fkijαksdiv~S
iSj0
∼= 0,
fkijαks∇Si0 · ~Sr ∼= 0,
fklrfkijαls~S
r · ~SjSi0 ∼= 0.
Making the contraction for (6.16) with {αks}, by (6.20) and αksαks = 1, we deduce
that
(6.21) −∇2S0 = gsθ0δ(r) + gsζ
kαks
4
√
~c
k20cτφ
s,
where φs is given by (6.15), and
S0 = S
k
0α
k
s
is the total strong-charge potential of a quark, which yields a force exerted on
particles with charge Ngs as
F = −Ngs∇S0.
To solve (6.21), we take S0 in the form
(6.22) S0 =
gsθ0
r
− Φ.
Let Φ be radial symmetric, then
∇2 = 1
r2
d
dr
(
r2
d
dr
)
.
Inserting (6.22) in (6.21) we obtain that
(6.23)
1
r2
d
dr
(
r2
d
dr
)
Φ = θ0Bρ
−1
0 k
2
0e
−k0rgs
(
1
r
+
3
4
k0 +
k20
4
r
)
,
where
B =
Ags√
~c
cτ, k0 =
mc
~
, A =
ζkαksD
4
√
~c
,
and D is the constant given by (6.12). Let
(6.24) Φ = θ0gsBρ
−1
0 k
2
0e
−k0rϕ.
Then, by (6.23) we deduce that
(6.25) ϕ′′ + 2
(
1
r
− k0
)
ϕ′ −
(
2k0
r
− k20
)
ϕ =
1
r
+
3
4
k0 +
k20
4
r.
Assume that the solution ϕ of (6.25) is
(6.26) ϕ =
∞∑
k=1
αkr
k.
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Inserting ϕ in (6.25) and comparing the coefficients of rk, we obtain the relations
(6.27)
α1 =
1
2
,
α2 =
1
6
(
3
4
k0 + 4k0α1
)
,
α3 =
1
12
(
1
4
k20 + 6k0α2 − k20α1
)
,
α4 =
1
20
(8k0α3 − k20α2),
...
αN =
1
N(N + 1
(2NαN−1 − αN−2k0)k0 for N ≥ 4.
Often, it is enough to take only the 2nd-order approximation of the infinite series
(6.26)-(6.27):
(6.28) ϕ(r) = α1r + α2r
2 =
r
2
+
11k0
24
r2.
Thus, by (6.22) and (6.24) the solution S0 of (6.21) is given by
(6.29) S0 = gsθ0
[
1
r
− Bk
2
0
2ρ0
e−k0rϕ(r)
]
.
For the quark case studied here, we take θ0 = 1. Hence finally we have
(6.30) S0 = gs
[
1
r
− Bk
2
0
2ρ0
e−k0rϕ(r)
]
,
Formula (6.30) provides an approximate expression for the total strong-charge
potential generated by a single quark without considering the strong-rotational
effect caused by the quark spin. However, if we consider N quarks occupying a ball
in space with radius ρ1, then the parameters θ0 in (6.29) will have to be replaced
by
(6.31) θ˜0 = N
(
ρ0
ρ1
)3
θ0 = N
(
ρ0
ρ1
)3
,
which will be proved in the next section, where ρ0 is the effective radius of a quark.
It is the property (6.31) that causes the short range nature of strong interaction.
Quark confinement phenomena indicates that no single quark has been found,
and all quarks are grouped into two or three quarks to form mesons or baryons.
Therefore formula (6.29) is applicable to describing the hadron structure. From the
physical point of view, the parameter k0 in (6.29)
k0 =
mc
~
is determined by a strong interacting Higgs particle with mass m, whose value is
estimated as
(6.32) m ≥ 100 GeV/c2
or equivalently, the radius ρ1 of hadrons is
(6.33) ρ1 =
1
k0
≤ 10−16cm.
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Therefore we believe that in the hadron level, there should be a strong interact-
ing Higgs boson with mass as (6.32). This Higgs field might be related with the
anomalies in the LHC data related to the Higgs particle.
In the nucleon level, the mediator is the strong dual particle field φs, which is
the Yukawa-like particle, considered to be the pi0 meson with mass
mpi = 135 MeV/c
2.
By (6.31), we shall derive in the next section the nucleon potential as
(6.34) Sn = N
(
ρ0
ρ1
)3
gs
[
1
r
− Bnk
2
1
ρ1
e−k1rϕ(r)
]
,
where N = 3 is the quark number forming nucleons, k1 = mpic/~, ρ0 and ρ1 are the
radii of quark and nucleon respectively.
6.3. Quark confinement and asymptotic freedom. We assume that each quark
possesses a strong charge gs which is always positive. Then the potential energy
generated by two quarks with distance r is
Φ = gsS(r),
where S(r) = Sk0 (r)θ
k
0 is the scalar quark potential, and (6.29) is an approximate
formula for the quark potential. The acting force between two quarks are
(6.35) F = −∇Φ = −gs dS
dr
.
From formula (6.29) we see that there are two different radii ρ and ρ1 = k
−1
0 , ρ is
the quark radius and ρ1 is the radius of quark acting forces. Physically they satisfy
(6.36) ρ ρ1, ρ ≤ 10−21cm, ρ1 ≤ 10−16cm.
Based on (6.29) and (6.36), we derive the diagram of quark potential Φ as shown
in Figure 6.1.
r
r¯
Φ
Figure 6.1.
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Figure 6.1 shows that Φ has a minimum at r¯ (ρ < r¯ < r0), where the quark
acting force F is zero. Namely by (6.35) and (6.29), we have
(6.37) F =

> 0 for 0 < r < r¯,
= 0 for r = r¯,
< 0 for r¯ < r < r0,
> 0 for r > r0.
We infer from (6.37) the following conclusions:
(1) Two close enough quarks are repelling.
(2) Near r = r¯, there are no interactions between quarks–the interactions are
weak. This explains the quark asymptotic freedom phenomena.
(3) In the region r¯ < r < r0, the quark acting force is attracting. In particular,
the attracting potential energy has the order of magnitude as
Φ ∼ − cτ
r20ρ
.
It implies that
(6.38) Φ→ −∞ as ρ→ 0,
and the property (6.38) explains the quark confinement. In particular,
based on (6.30) and (6.31), the ratio of binding energies of quark and nu-
cleon is
(6.39)
Eq
En
=
(
B
ρ0
)/(
3
(
ρ0
ρ1
)3
Bn
ρ1
)
∼
(
ρ1
ρ0
)4
∼ 1020,
which is in the Planck level.
(4) F > 0 as r > r0 means the quark attracting force is a short range force.
(5) The radius r0 represents the radius of hadrons, which is estimated as r0 ≤
10−16cm.
7. Strong Interaction Potential
7.1. QCD action for nucleons. Interaction forces act on different levels of par-
ticles/matter. Strong intersection forces are generated in three level of particles:
quarks, hadrons/nucleons, and atoms. Beyond the level of atoms, the strong force
almost disappears. In Section 3 we have derived the quark potential (6.29), and we
devote this section to deriving hadron/nucleon and atom force potentials.
Nucleons include protons and neutrons which are the constituents of a nuclear.
Classically, the force holding nucleons together to form a nuclear is the Yukawa
potential
(7.1) ΦY = −g
r
e−k1r,
where k1 = mpic/~ , mpi is the mass of the Yukawa meson, g is the meson charge
with g ∼= 10e, and e is the electric charge.
The Yukawa potential (7.1) is a phenomenological theory, which provides an
approximation for the short range strong interaction force between nucleons. How-
ever, formula (7.1) fails to explain the repelling phenomenon as shown in Figure 6.1
when two nucleons are close.
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In the same spirit as for deriving the quark potential (6.29), we now deduce
(6.34) replacing (7.1). To this end, we start with the QCD action for nucleons as
(7.2) L = −1
4
SkµνS
kµν + n¯(iγµDµ −mc2)n,
where Skµν are as in (4.27) representing gluon fields, n = (a1, a2, a3)n˜ with n˜ being
the wave function of a nucleon and a21 + a
2
2 + a
2
3 = 1, and
(7.3) Dµn = (~c∂µ + igsSkµλk)n.
Because the adjoint field φ of nucleons represents the pi meson-like particle field,
similar to (5.31) and (5.33), from (7.2)-(7.3), we derive the field equations describing
nucleons as follows
∂νSkνµ +
gs
~c
fkijgαβSiαµS
j
β − gsJkµ =
gsζ
k
√
~c
(
∂µ +
k21
4
xµ
)
φ,(7.4)
iγµ
(
~c∂µ + igsSkµλk
)
n−mc2n = 0,(7.5)
where
Jkµ = n¯γµλ
kn (λk = λk),(7.6)
k1 = mpic/~.(7.7)
7.2. Nucleon/hadron potential. In the same fashion as deriving (6.10), we de-
duce from (7.4) and (7.5) that
(7.8) −∇2φ+ k21φ = gsρ−11 Anθ˜0δ(r)− k20~x · ∇φ,
where ρ1 is the radius of a nucleon, and
(7.9) An =
2√
~c
fkij
ζkα˜isξ
j
µ
|ζ|2
θ˜µ
θ˜0
.
Here θ˜µ is defined by
(7.10) Jkµ = α
k
s θ˜µδ(r).
The total potential equation is given by
(7.11) −∇2Sn = gsθ˜0δ(r) + gsζ
kα˜ks
4
√
~c
k21cτφ,
where φ is as in (7.8), and
Sn = S
k
0α
k
0
is the total potential of a nucleon.
Similar to (6.29), the solution of (7.11) are given by
(7.12) Sn = θ˜0gs
[
1
r
− Bnk
2
1
ρ1
e−k1rϕ(r)
]
.
Here ϕ(r) is as (6.26) and Bn is a constant given by
Bn =
Angsζ
kαks
4
√
~c
cτ,
An is as in (7.9), τ is the lifetime of the Yukawa particle, and k1 is as (7.7).
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By (6.9) and (7.10) we have
(7.13)
NVq
Vn
=
|J0|
|Q0| =
|θ˜0|
|θ0| ,
where Vn and Vq are the volumes of nucleon and quark, |J0| =
√
Jk0 J
k
0 , |Q0| =√
Qk0Q
k
0 , and N = 3 is the number of quarks in a nucleon. By Vg/Vn =
(
ρ1
ρ0
)3
,
from (7.13) and θ0 = 1, we deduce that
θ˜0 = 3
(
ρ0
ρ1
)3
.
Thus (7.12) can be expressed as
(7.14) Sn = 3
(
ρ0
ρ1
)3
gs
[
1
r
− Bnk
2
1
ρ1
e−k1rϕ(r)
]
,
which has the same form as (6.34).
With the same method as above, an atom/molecule with N nucleons generates
the strong interaction potential as follows
(7.15) Sa = 3N
(
ρ0
ρ1
)3(
ρ1
ρ2
)3
gs
[
1
r
− Bnk
2
1
ρ2
e−k1rϕ(r)
]
,
where ρ2 is the radius of an atom, and k1 is as in (7.14).
7.3. Physical conclusions. We have derived three formulas (6.29), (7.14) and
(7.15) describing three different levels of strong interaction. The potential (6.29)
reveals the hadron structure and explains the mechanism and mature of quark
confinement and asymptotic freedom. Hereafter we shall see that formula (7.14)
agrees with the observed data for nucleons/hadrons, and (7.15) can explain why
the strong forces disappear in the macro-scale (short-range nature of the strong
interaction).
We know that
ρ1 ≤ 10−16cm, k1 = 1013cm−1, r1 = 1
k1
= 1fm.
For the polynomial ϕ in (6.26)-(6.27), we take the first-order approximation
ϕ =
r
2
.
Then (7.14) reads as
(7.16) Sn = 3gs
(
ρ0
ρ1
)3 [
1
r
− 10
16
2
Bn
r21
e−
r
r1 r
]
.
The force acting on one nucleon by another is
F =− 3gs dSn
dr
(7.17)
=9g2s
(
ρ0
ρ1
)3 [
1
r2
− 10
16
2
· Bn
r21
e−
r
r1
(
r
r1
− 1
)]
=9g2s
(
ρ0
ρ1
)3
1
r2
− Gn
r21
(
1
r1
− 1
)
e−
r
r1 ,
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where
Gn =
9
2
× 1016 ×
(
ρ0
ρ1
)3
Bng
2
s .
With (7.1), the Yukawa force is given by
FY =g
2 d
dr
(
1
r
e−
r
r1
)
= −g2
(
1
r2
+
1
r1r
)
e−
r
r1 .(7.18)
Comparing (7.17) with (7.18), we may take
(7.19) gs = g
2.
Namely,
9
2
× 1016 ×
(
ρ0
ρ1
)3
Bn ∼ 2.
We derive from (7.16)-(7.19) the following conclusions, consistent with experi-
mental results:
(1) The diagram of the nucleon/hadron potential (7.16) is as shown in Fig-
ure 6.1.
(2) By (7.17), nucleons have a repelling radius
a ∼= 1fm,
and the repelling force F tends to infinite as r → 0:
F → +∞ as r → 0.
(3) There exists an attracting region:
1fm < r < zfm,
where z satisfies that
z2e−z(z − 1) = 2× 10−16B−1n .
Hence z = 30 ∼ 40.
(4) It is known that the radius of an atom is about
ρ2 ∼= 10−8cm.
and (
ρ1
ρ2
)3
≤ 10−24.
In addition, the gravity and the Yukawa force are
(7.20)
Gm2p
~c
∼ 10−38, g
2
~c
∼ 10.
Hence by (7.19) and (7.20), beyond the level of an atom or a molecule, the
ratio between the strong repelling force and the gravitational force is
(7.21)
Fs
Fg
=
(
3N2
(
ρ0
ρ2
)3
g2s
)/(
N2Gm2p
)
= 3× 1039
(
ρ0
ρ2
)3
.
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Physically, the effective quark radius is taken as ρ ∼ 10−21cm, and the
atom or molecule radius is ρ2 = 10
−8cm or ρ2 = 10−7cm. Then it follows
from (7.21) that
Fs
Fg
∼ 3 near the atom radius ρa,
Fs
Fg
∼ 3× 10−3 beyond the molecule radius ρm.
Namely, near the radius of an atom, the strong repelling is stronger than
the gravitational force, and beyond the molecule radius, the strong re-
pelling force is smaller than the gravitational force. We believe this com-
petition between the gravitational force and the strong force in the level of
atoms/molecules gives rise to the mechanism of the van der Waals force.
8. Duality Theory of Weak Interactions
8.1. Non-coexistence of charged and neutral particles. In Section 10, we will
discuss the mass generation mechanism for the field equations (5.22) and (5.23).We
focus here on charged Higgs particles and the non-coexistence of weak interaction
intermediate vector bosons using these field equations.
Equation (5.22) need to be supplemented with coupling gauge equations to com-
plement the adjoint fields φa created, which are taken as
(8.1) ∂µW aµ = β
a for a = 1, 2, 3,
where βa are parameters which may vary for different physical situations.
For simplicity we take the Pauli matrices σa (1 ≤ a ≤ 3) as the generators of
SU(2). Then make the transformation
(8.2)
σ˜1σ˜2
σ˜3
 =

1√
2
i√
2
0
1√
2
− i√
2
0
0 0 1

σ1σ2
σ3
 .
Under this transformation, (W 1µ ,W
2
µ ,W
3
µ) and (φ1, φ2, φ3) are transformed to
(W±µ , Zµ) = (W
1
µ ± iW 2µ ,W 3µ),
(φ±, φ0) = (φ1 ± iφ2, φ3).
Then by PRI, equations (5.22) become
∂νW±νµ ±
igw
~c
gνν(W±νµZν − ZνµW±ν )− gwJ±µ(8.3)
=
[
∂µ − k2WW±µ − k2ZZµ +
k20
4
xµ
]
φ±,
∂νZνµ − igw~c g
νν(W+νµW
−
ν −W−νµW+ν )− gwJ0µ(8.4)
=
[
∂µ − k2WW±µ − k2ZZµ +
k20
4
xµ
]
φ0,
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where
(8.5)
J±µ =
1√
2
(J1µ ± iJ2µ), JNCµ = J3µ,
W±νµ = ∂νW
±
µ − ∂µW±ν ±
igw
~c
(ZµW
±
ν − ZνW±µ ),
Zνµ = ∂νZµ − ∂µZν + igw~c (W
+
µ W
−
ν −W−µ W+ν ).
Here
(8.6) k2W =
gwα
w
1√
2~c
, k2Z =
gwα
w
3
~c
,
k2Wk2W
k2Z
 = gw√
~c

1√
2
i√
2
0
1√
2
− i√
2
0
0 0 1

αw1αw2
αw3
 ,
where {αwb } = (αw1 , αw2 , αw3 ) is as in (5.22), and the second component αw2 = 0 when
we use the Pauli representation.
It is easy to see that (8.3) for W+µ and W
−
µ are complex conjugate to each other.
Here are two important solutions, leading to two different weak interactions:
First, if
(8.7) W±µ = 0, φ
0 = 1, βa = 0,
then Zµ satisfies the equation
(8.8) Zµ + k2ZZµ − gJ0µ −
k20
4
xµ = 0
where  is the wave operator given by
 = 1
c2
∂2
∂t2
−∇2.
This is the case where the weak interaction involves the neutral Higgs boson φ0 and
the neutral intermediate vector boson Z with mass parameter k2Z .
Second, if
(8.9) Zµ = 0, φ
± = 1, βa = 0,
then W±µ satisfy
(8.10) W±µ + k2WW±µ − gJ±µ −
k20
4
xµ = o(W
±)
This is the case where the weak interaction occurs through the two charged inter-
mediate vector bosons W±, with mass parameter k2W , and the two charged Higgs
bosons φ±.
These two solution cases suggest that the charged gauge bosons W± cannot
appear simultaneously with the neutral boson Z in one physical situation.
Now we consider the adjoint fields φ± and φ0. If
(8.11) Zµ = 0, β
1 < 0, β2 = 0,
taking divergence on both sides of (8.3) we get
(8.12) φ± + (k20 + k2W |β1|)φ± + gw∂µJ±µ = o(W±, φ±).
Also, if
(8.13) W±µ = 0, β
3 < 0,
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then we obtain from (8.4) that
(8.14) φ0 + (k20 + k2Z |β3|)φ0 + g∂µJ0µ = o(Z, φ0).
Hence these two cases suggest also that there exist charged and neutral Higgs
particles φ± and φ0, and the charged Higgs φ± cannot coexist with the neutral
Higgs φ0.
In summary, from the above discussion we deduce the following physical conclu-
sions:
1) Existence of charged and neutral Higgs particles φ± and φ0, satisfying
equations (8.12) and (8.14) respectively.
2) Non-coexistence of charged and neutral weak interaction particles. Namely,
W± and φ± cannot coexist with Z or φ0.
3) Finally, the two parameters k20 + k
2
W |β1| and k2o + k2Z |β3| define the masses
mcH and m
0
H of the Higgs bosons φ
± and φ0. We have
(mcH)
2
(m0H)
2
=
k20 + k
2
W
k20 + k
2
Z
|β1|
|β3| =
m20 +m
2
W |β1|
m20 +m
2
Z |β3|
,
where m0 is the mass associated with the mass potential k0. We conjecture
that the masses mcH and m
0
H of φ
± and φ0 also satisfy the scale relation
(8.19), i.e.
(8.15)
mcH
m0H
=
mW
mZ
=
|j±|
|jNCµ |
= cos θW .
where θW is the Weinberg angle.
We remark that Conclusions 1) and 2) above cannot be derived from the classical
weak interaction theories.
8.2. Scaling relation. We know from (10.36) that
(8.16)
mW
mZ
= cos θW .
According to the IVB theory for weak interaction, the charged and the neutral
currents are
(8.17) j±µ =
gw√
2
J±µ , j
NC
µ =
gw
cos θW
JNCµ .
After proper scaling for J±µ , i.e. taking
1√
2
J±µ as J
±
µ , (8.17) can be rewritten as
j±µ = gwJ
±
µ , j
NC
µ =
gw
cos θW
JNCµ ,
Hence we can consider gw and gw/ cos θW as the intensities of the currents j
±
µ and
jNCµ respectively, denoted by
(8.18) |j±µ | = gw, |jNCµ | =
gw
cos θW
.
Therefore, from (8.16) and (8.18) we get the scale relation between masses and
intensities of currents as
(8.19)
|j±µ |
|jNCµ |
=
mW±
mZ
= cos θW .
By PRI, the weak interaction can be decoupled with other interactions. If we use
the Pauli matrices σ1, σ2 and σ3 as the generators for SU(2), then Gab is Euclidean.
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However, the corresponding action density LW does not lead to the scaling relation
(8.19). To solve this problem, we take another SU(2) representation with the
following generators:
(8.20) τ1 = σ1, τ2 = σ2, τ3 =
√
cos θWσ3.
In this case, the metric Gab defined by (3.19) is
Gab =
1 0 00 1 0
0 0 cos θW
 .
By (3.20) the action density corresponding to the representation (8.20) is given by
LW =− 1
4
[W 1µνW
1µν +W 2µνW
2µν + cos θWW
3
µνW
3µν ](8.21)
+ L¯[iγµ(∂µ − igwW aµντa)−mL]L,
where
(8.22) W aµν = ∂µW
a
ν − ∂νW aµ +
gw
~c
λabcW
b
µW
c
ν ,
and λabc are the structural constants with respect to (8.20), which are antisymmetric
for all indices a, b, c.
Thus, under the divA-free constraint associated with
Dµ1 = ∂µ −
(mW c
~
)2
W 1µ +
k20
4
xµ,
Dµ2 = ∂µ −
(mW c
~
)2
W 2µ +
k20
4
xµ,
Dµ3 = cos θW∂µ − 1
cos θW
(mW c
~
)2
W 3µ + cos θW
k20
4
xµ,
the Euler-Lagrangian equations of (8.21)-(8.22) are as follows
(8.23)
∂νW 1νµ + k
2φW 1µ −
gwg
νν
~c
(W 2νµW
3
ν −W 3νµW 2ν )
− gwJ1µ =
[
∂µ +
k20
4
xµ
]
φ,
∂νW 2νµ + k
2φW 2µ −
gwg
νν
~c
(W 3νµW
1
ν −W 1νµW 3ν )
− gwJ2µ =
[
∂µ +
k20
4
xµ
]
φ,
∂νW 3νµ +
k2
cos2 θW
φW 3µ −
gw
~c cos θW
gνν(W 1νµW
2
ν −W 2νµW 1ν )
− gw
cos θW
J3µ =
[
∂µ +
k20
4
xµ
]
φ,
where k = mW c/~. Under the unitary rotation transformation
(8.24)
W+µW−µ
Zµ
 =

1√
2
i√
2
0
1√
2
− i√
2
0
0 0 1

W 1µW 2µ
W 3µ
 .
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By PRI, the equations (8.23) becomes
(8.25)
∂νW±νµ + k
2φW±µ ±
igw
~c
gνν(W±νµZν − ZνµW±ν )
− gwJ±µ = η±
[
∂µ +
k20
4
xµ
]
φ,
∂νZνµ +
k2
cos2 θW
φZµ − igw~c cos θW g
νν(W+νµW
−
ν −W−νµW+ν )
− gw
cos θW
JNCµ =
[
∂µ +
k20
4
xµ
]
φ,
where J±µ , J
NC
µ = J
3
µ and W
±
νµ, Zνµ are defined (8.5). It is clear that for (8.25),
scaling relation (8.19) holds true.
Note here that the 2nd-order SU(2) tensor diag (k2, k2, k2/ cos2 θW ) are invariant
for the transformation (8.24). Namelyk2 0 00 k2 0
0 0 k
2
cos2 θW
 =

1√
2
i√
2
0
1√
2
− i√
2
0
0 0 1

k2 0 00 k2 0
0 0 k
2
cos2 θW


1√
2
i√
2
0
1√
2
− i√
2
0
0 0 1

†
.
Hence from (8.23) to (8.25) we have(
k2φW 1µ , k
2φW 2µ ,
k2
cos2 θW
φW 3µ
)
−→
(
k2φW+µ , k
2φW−µ ,
k2φ
cos2 θW
Zµ
)
.
Remark 8.1. In (8.19), the ratio between the mass loss and intensity loss of the
charged bosons W± and charged currents j± is the same as the ratio between
those of Z and jNC . The parts lost can be considered as being transformed into
electromagnetic energy.
9. Weak Interaction Potentials
9.1. Weak interaction potentials. We now consider the duality between {W aµ}
and a single neutral Higgs field given by (5.26). It is clear that both the weak
gauge fields W aµ and the adjoint scalar field φ carry rich physical information, as
the electromagnetic potential Aµ in QED. For example, the electric field E and
magnetic field H are written as
E = −
(
∂ ~A
∂x0
+∇A0
)
, H = curl ~A,
where ~A = (A1, A2, A3),∇ =
(
∂
∂x1 ,
∂
∂x2 ,
∂
∂x3
)
, the electromagnetic energy density ε
is
ε =
1
8pi
(E2 +H2),
and the photon γ is expressed by Aµ satisfying
Aµ = 0.
So far, very little information has been extrapolated from the weak gauge fields.
For example, we know that Zµ and W
±
µ satisfying (8.8) and (8.10) represent the
neutral and charged bosons, and φ±, φ0 satisfying (8.12) and (8.14) represent the
neutral and charged Higgs particles.
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In the same spirit as electromagnetism, we introduce below two physical quan-
tities associated with the weak gauge potentials W aµ .
n
p
e
n
p
e
W
ee
(a) (b)
Figure 9.1.
First, the β-decay is a weak process, as illustrated by Figure 9.1 (a) and (b).
Physically, the process in Figure 9.1 (a) is regarded as an exchange of a massive
vector meson W−, as shown in (b). The force range is about r = 10−16cm. Before
the β-decay, the neutron n is an energy pack bound by the potential energy φ in
the radius r = 10−16, and when the momentum energy in the interior of a neutron
is greater than the bounding energy, the neutron is split into a proton p and an
intermediate vector boson W−, and the β-decay occurs. The interior momentum
energy is characterized by
(9.1) M =
∫
Gab∇W aµ∇W bµdy, y ∈ R3,
where ∇ =
(
∂
∂x1
, ∂∂x2 ,
∂
∂x3
)
. Obviously, the right-hand side of (9.1) obeys PRI.
Since ε is the momentum energy, it is not Lorentz invariant.
Second, the weak gauge potential W aµ have three constituents:
{W 1µ ,W 2µ ,W 3µ}.
The time-components W a0 represent the weak-charge potentials with corresponding
forces exerted by a particle with one weak charge gw on another with N weak
charges given by:
F aWE = −Ngw∇W a0 for a = 1, 2, 3.
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The total force exerted on the particle is
(9.2) FWE = −Ngwαwa∇W a0 ,
where αwa is as in (5.22).
The spatial components ~W a = (W a1 ,W
a
2 ,W
a
3 ) represent the weak-rotational po-
tentials, yielding the following weak-rotational forces:
(9.3)
F aWM = gwε
abc ~Jb × curl ~W c,
FWM = gwε
abcαwa ~J
b × curl ~W c,
where { ~Jb} = {Jb1 , Jb2 , Jb3} is the weak current density. Obviously, FWE and FWM
are gauge group representation invariant, i.e. they obey PRI.
9.2. Dual field potential. We take the Pauli matrices σa as the generators of an
SU(2) representation. Thus, Gab = δab and we derive from (5.27) the following
equation
φ+
(mHc
~
)2
φ+
ξa√
~c
αwb W
b
µD
µφ(9.4)
= −
√
~cξa
[
∂µJµa +
gw
~c
λbcdg
αβ∂µ(W cαµW
d
β )
]
,
where ξa = ζa/|ζ|2 (ζa = ζa).
Assume that φ and W aµ are small and are independent of time variable x0 = ct.
Ignoring the higher order terms, equation (9.4) becomes
(9.5) ∇2φ−
(mHc
~
)2
φ = −
√
~cξa∂µJµa.
Equation (9.5) provides a model describing the scalar potential φ of weak force,
which holds energy to form a particle.
By definition, we have
∂µJµa = ∂µL¯γ
µσaL+ L¯γ
µσa∂µL.
By the Dirac equation (5.23).
∂µL¯γ
µσaL = −igwW bµL¯γµσbσaL+ imL¯σaL,
L¯γµσa∂µL = igwW
b
µL¯γ
µσaσbL− imL¯σaL.
Thus we obtain
∂µJµa = igwW
b
µL¯γ
µ[σa, σb]L = −2gwεabcW bµJµc .
Noting that
εabcξ
aW bµ =
∣∣∣∣∣∣
~i ~j ~k
ξ1 ξ2 ξ3
W 1µ W
2
µ W
3
µ
∣∣∣∣∣∣ = ~ξ × ~Wµ
where ~ξ = (ξ1, ξ2, ξ3), ~Wµ = (W
1
µ ,W
2
µ ,W
3
µ). Hence we obtain that
(9.6) ξa∂µJµa = 2gw(~ξ × ~Wµ) · ~Jµ, ~Jµ = (Jµ1 , Jµ2 , Jµ3 ).
The weak charge densities Ja0 = J
0
a are
(9.7) Ja0 = α
a
wδ(x) for a = 1, 2, 3,
where ~αw = (α
1
w, α
2
w, α
3
w) is as in (5.22). Therefore it follows from (9.6) that
(9.8) ξa∂µJµa = 2gw~αw · (~ξ × ~Wµ)δ(x),
UNIFIED FIELD THEORY AND PRINCIPLE OF REPRESENTATION INVARIANCE 51
where ~ω = ~W0(0), ~ξ = (ζ1, ζ2, ζ3)/|ζ|2, and
(9.9) κ = 2~αw · (~ξ × ~ω) = 2~ξ · (~ω × ~αw) =
∣∣∣∣∣∣
ξ1 ξ2 ξ3
ω1 ω2 ω3
α1w α
2
w α
3
w
∣∣∣∣∣∣ .
Thus, by (9.8) and (9.9) the equation (9.5) is rewritten as
(9.10) ∇2φ−
(mHc
~
)2
φ = −κgwδ(x).
Let
(9.11) kH =
mHc
~
,
where mH is the mass of a Higgs particle.
By (9.10) we derive the dual field potential φ:
(9.12) φ =
κgw
r
e−kHr.
Formula (9.12) leads to a few physical conclusions for weak interaction as follows:
1). The masses mH and mpi of the Higgs and pi meson are
mH ∼= 125 GeV/c2, mpi = 0.135 GeV/c2,
which implies that
mH/mpi ∼= 103.
By (9.12) we have
rW
rS
=
mpi
mH
= 10−3,
where rW and rS are the force ranges of weak and strong interactions. Hence the
weak force range is rW = 10
−16cm, consistent with experimental data.
2). By (9.12), the SU(2) coupling constant gw in (8.22) is endowed with a new
physical meaning as the weak charge, reminiscent of the electric charge e.
3). The weak force parameter κ given by (9.9) is an SU(2) pseudo-scalar. In
addition, since the quantities ωa = W a0 (0) and θ
a defined by (9.7) characterize the
interior properties of weak interaction particles such as the electron e, the neutron
n and the proton p, the parameter κ reflects the interior structure of e, n, p.
4). For a particle, e.g. for the neutron n, we conjecture that the condition
for decay depends on if the interior momentum M defined by (9.1) satisfies the
following condition
(9.13) M ≥
∫
|y|<r0
g2w
(~c)3/2
ζaαbwW
a
µW
b
µφdy, y ∈ R3, r0 = k−10 .
In this case, n decays as
n→ p+ e+ ν¯e.
Otherwise, if
(9.14) M <
∫
|y|<r0
g2w
(~c)3/2
ζaαbwW
a
µW
b
µφdy,
the neutron n does not decay. Hence this explains why neutrons can spontaneously
undergo a β-decay under proper conditions.
5). By (9.9), κ can be expressed as
κ = |~θ| · |~ω| cos Φ sinϕ,
52 MA AND WANG
where Φ=the angle between ~ξ and (~ω × ~θ), and ϕ = the angle between ~ω and ~θ.
6). The parameter κ may be related with weak decay coupling constants, or
equivalently with the Cabibbo-Kobayashi-Maskawa angles. Hence κ influences de-
cay types.
9.3. Weak decay conditions. When a weak process is coupled with some ex-
ternal fields, energy exchange occurs. In general, gravity is much weaker than
electromagnetic and strong interactions. Hence, ignoring the gravitational terms,
the weak interacting field equations coupling external forces can be written as
∂νW aνµ −
gw
~c
εabcgννW bνµW
c
ν − gwJaµ(9.15)
=
gw√
~c
ζa
[
∂µ +
e
~c
Aµ +
gwα
b
w
~c
W bµ +
gsα
k
s
~c
Skµ +
k2H
4
xµ
]
φ,
where {αsk} = (αs1, · · · , αs8) is the SU(3) tensor, Skµ (1 ≤ k ≤ 8) is the gauge
potential of strong interaction, e is the electric charge whose sign is undetermined,
and gs is the strong charge.
As W aµ are the weak potential in the interior of a particle, φ is given by (9.12),
and
(9.16) W aµ = 0 at r > r0 =
1
kH
∼= 10−16cm.
Take the gauge
(9.17) ∂µW aµ = const.
and assume that W aµ are independent of t. Equations (9.15) are rewritten as
−∇2W aµ −
g2w
(~c)3/2
ζaαbwφ = gwJ
a
µ +
gw
~c
εabcgννW bνµW
c
ν(9.18)
+
gw√
~c
ζa
[
e
~c
Aµ +
gsα
k
s
~c
Skµ +
k2H
4
xµ
]
φ+
gw√
~c
ζa∂µφ.
Multiplying both sides of (9.18) by W aµ and integrating the sum in y ∈ R3 with
|y| < r0 = k−10 , by (9.7), (9.16) and (9.17) we deduce that∫
Br0
|∇W |2dy −
∫
Br0
g2w
(~c)3/2
ζaαbwW
b
µ ·W aµφdy(9.19)
= gwα
a
wω
a +
gw
~c
∫
Br0
εabcgννW aµW
b
νµW
c
νdy
+
∫
Br0
gw√
~c
[
e
~c
Aµ +
gsα
2
k
~c
Sµ +
k2H
4
xµ
]
W aµ ζ
aφdy,
where αaw and ω
a are as in (9.7) and (9.9), φ as (9.12), and Br0 = {y ∈ R3| |y| < r0}.
Approximatively, taking the spheric coordinates we have
A =
∫
Br0
e−k0r
r
AµW
a
µ ζ
ady =
r20
2
|Ω|AµWµ,(9.20)
S =
∫
Br0
e−k0r
r
SµW
a
µ ζ
ady =
r20
2
|Ω|SµWµ,(9.21)
UNIFIED FIELD THEORY AND PRINCIPLE OF REPRESENTATION INVARIANCE 53
where |Ω| is the area of the unit sphere, and
Aµ = Aµ(0), Sµ = αksSkµ(0), Wµ = W aµ (0)ζa.
Let
(9.22)
M =
∫
Br0
|∇W |2dy, V =
∫
Br0
g2w
(~c)3/2
ζaαbwW
b
µ ·W aµφdy,
I =
∫
Br0
εabcgννW aµW
b
νµW
c
νdy, Φ = α
a
wω
a,
H =
1
4
∫
Br0
gw√
~c
xµW
a
µ ζ
aφdy.
Then (9.18) is rewritten as
(9.23) M − V = gwΦ + gw~c I +
κeg2w
~c
A+
κgsg
2
~c
S + κg2wH.
Therefore, based on the criterion (9.13) and (9.14), we derive from (9.23) that
for a particle under an external electromagnetic and strong fields Aµ and S
k
µ, the
condition that it can decay is
(9.24) [Φ + I] + kg
[ e
~c
A+
gs
~c
S +H
]
≥ 0.
By (9.20)-(9.22), the first part in the right-hand side of (9.24) represents the weak
field energy generated by the weak charge gw, and the second part is the energy
generated by external fields.
9.4. Weak interaction potential. By (9.2), the time-components W a0 of W
a
µ
(a = 1, 2, 3) represent the weak charge potentials generated by the weak charge gw.
We now derive an approximate formula for the total potential:
(9.25) W = αawW
a
0 , where |αw|2 = αawαaw = 1.
Assuming that W aµ are independent of time and taking linear approximation,
from (5.27) we have
(9.26) −∇2W = gwαawJa0 +
gw√
~c
αawζ
a
(
k20
4
cτ − gw
~c
W
)
φ,
where τ is the lifetime of the Higgs, and
(9.27) φ = θ + φ0,
where φ0 is given by (9.12) and θ is a constant. Taking a translation
W −→W + k
2
0~c2τ
4gw
,
and by Ja0 = α
a
wδ(x), equations (9.26) and (9.27) become
(9.28) −∇2W + k21W = gwδ(x)−
g2w
(~c)3/2
KWφ0,
where
(9.29) k21 =
g2w
(~c)3/2
αawζ
aθ, K = αawζ
a.
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Solutions of (9.28) and (9.29) can be expressed as
(9.30) W = W0 +W1 + · · · ,
where Wn satisfy
−∇2W0 + k21W0 = gwδ(x),(9.31)
−∇2Wn + k21Wn = −
(
g2w
~c
)3/2
A
r
e−k1rWn−1 for n = 1, 2, · · · ,(9.32)
and A = Kκ. The solution of (9.31) is
(9.33) W0 =
gw
r
e−k1r.
When n = 1, (9.32) is given by
(9.34) ∇2W1 − k21W1 = A
(
g2w
~c
)3/2
gw
r2
e−(k0+k1)r.
Let W1 be radial symmetric and in the form
(9.35) W1 = A
(
g2w
~c
)3/2
gwe
−(k0+k1)rϕ1(r).
Then (9.34) implies that
(9.36) ϕ′′1 + 2
(
1
r
−K1
)
ϕ′1 −
2K1
r
ϕ1 + (K
2
1 − k21)ϕ1 =
1
r2
,
where K1 = k0 + k1.
Let ϕ1 be expanded as
(9.37) ϕ1 =
∞∑
k=0
pkr
k ln r +
∞∑
k=0
qkr
k.
Inserting (9.37) into (9.36) and comparing coefficients, we deduce that
p0 = 1, p1 =
2
3
(1 + q0), p2 =
5
18
K21 +
1
6
k21, · · · ,
q0 and q1 are free , q2 = − 1
36
K21 −
5
12
+K1β1, · · · .
Then we infer from (9.32) that
(9.38) Wn = A
n
(
g2w
~c
)3n/2
gwe
−Knrϕ1(r), Kn = k0 + nk1 for n ≥ 1,
and ϕn satisfies
(9.39) ϕ′′n + 2
(
1
r
−Kn
)
ϕ′n −
2Kn
r
ϕn + (K
2
n − k21)ϕn =
ϕn−1
r
.
The solution of this equation is in the form
(9.40) ϕn =
∞∑
k=n−1
pnkr
k ln r +
∞∑
k=n−1
qnk r
k,
where pnk and q
n
k depend on the free parameters q0 and q1.
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Hence by (9.30) and (9.38), the solution W of (9.28) can be expressed as
(9.41) W = gwe
−k1r
[
1
r
−
∞∑
n=1
An
(
g2w
~c
)3n/2
e−(k0+(n−1)k1)rψn
]
,
where ψn = −ϕn and ϕn is given by (9.40).
The function Ψ = e−k0rψ with
ψ =
∞∑
n=1
An
(
g2w
~c
)3n/2
gwe
−nk1rψn
is the solution of
(9.42)
1
r2
d
dr
(
r2
d
dr
)
Ψ−k21Ψ = −
(
g2w
~c
)3/2
A
r
e−k1rΨ−
(
g2w
~c
)3/2
Agw
r2
e−(k0+k1)r.
Now we supply ψ with the following initial conditions:
(9.43) ψ(r1) = a0, ψ
′(r1) = a1 at r1 > 0.
In summary, we have derived the weak potential and weak force formula given
by
W = gwe
−k1r
[
1
r
− e−k0rψ(r)
]
,(9.44)
F = g2we
−k1r
[
k1
r
+
1
r2
− (K1ψ − ψ′)e−k0r
]
,(9.45)
where K1 = k0 + k1, k0 = mHc/~, k1 = mW c/~, mH and mW are the masses of
the Higgs and W± or Z bosons, and by (9.43), ψ(r) can be approximately written
as
(9.46) ψ(r) = a0 + a1r near r = r1 =
1
k0
.
Thus the weak force becomes
(9.47) F = g2we
−k1r
[
k1
r
+
1
r2
− (a0 − a1 + a1r)e−k0r
]
.
Based on known physical facts, we have
(9.48) a0 > 0, a1 ≤ 0, a0 − a1  k21.
Hence we have derived the following physical conclusions:
(1) A particle with weak charge gw will generate a weak force F exerted on
another with weak charge gw, and the force F is given by (9.45) or (9.47).
(2) By (9.41 and (9.45), there is a radius r0 > 0 such that F is repelling for
r < r0, and
F →∞ as r → 0.
(3) By (9.47) and (9.48), F has an attractive region: r0 < r < r1.
(4) The weak interaction force F is of short-range:
F ∼ 0 for r > 1
k1
∼ 10−16cm.
10. Consistency with GWS Electroweak Theory
The main objective of this section is to study the consistency of the new elec-
troweak theory based on PID and PRI with the classical GWS electroweak theory.
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10.1. GWS action. For comparison, we first introduce the classical Glashow-
Weinberg-Salam electroweak theory, which is a U(1) ⊗ SU(2) gauge theory. We
adopt here the classical notations. The action is given by
(10.1) LGWS =
∫
[LG + LF + LH ]dx.
Here LG is the gauge part, LF is the fermionic part, and LH is the Higgs sector:
(10.2)
LG = −1
4
W aµνW
µνa − 1
4
BµνB
µν ,
LF = iL¯γµDµL+ ie¯RγµDµeR,
LH = Dµφ†Dµφ+ λ(φ†φ− a2)2 +Ge(L¯φeR + e¯Rφ†L),
where Ge and a > 0 are constants, L = (νe, e
L), eR is the wave function of right-
hand electron, φ is the Higgs scalar field, and
W aµν = ∂µW
a
ν − ∂νW aµ + g1εabcW bµW cν ,
Bµν = ∂µBν − ∂νBµ,
Dµe
R = (∂µ + ig2Bµ)e
R,
DµL = (∂µ + i
g2
2
Bµ − ig1
2
W aµσa)L,
Dµφ = (∂µ − ig2
2
Bµ − ig1
2
W aµσa)φ,
Here g1 and g2 are coupling constants, ε
kij (1 ≤ k, i, j ≤ 3) are the structural
constants of SU(2), σk (1 ≤ k ≤ 3) are the Pauli matrices, {W aµ} is the Yang-Mills
gauge field corresponding to the k-th generator of SU(2), and {Bµ} is the gauge
field with respect to U(1).
We note that Bµ does not represent the electromagnetic potential Aµ, and the
Higgs field φ is a complex doublet given by
φ = (φ+, φ0)T ,
which has charge (1,0).
The action (10.1) is invariant under the SU(2) gauge transformation
(10.3)
L→ e i2 θaσaL,
φ→ e− i2 θaσaφ,
eR → eR,
W aµ →W aµ −
2
g1
∂µθ
a + εabcθbW cµ,
and the U(1) gauge transformation
(10.4)
L→ e i2βL,
φ→ e− i2βφ,
eR → eiβeR,
W aµ →W aµ −
2
g2
∂µβ,
Bµ → Bµ + 2
g2
∂µβ.
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We notice from (10.2) and (10.3) that LF contains the following terms:
Wµa J
a
µ , J
a
µ = L¯γµσaL.(10.5)
These terms are crucial in the weak interaction theory because under a unitary
transformation
(10.6)
σ+σ−
σ0
 =

1√
2
i√
2
0
1√
2
− i√
2
0
0 0 1

σ1σ2
σ3
 ,
these terms become
(10.7)
Wµ±J±µ , W
µ3J3µ, W
±
µ =
1√
2
(W 1µ ± iW 2µ),
Jµ± = L¯γµσ±L, J3µ = L¯γµσ3L,
where σ± = 12 (σ1 ± iσ2), and Jµ± are the charged currents consistent with the
classical V-A theory and the intermediate vector boson (IVB) theory, which are
two successful models at low energies.
Physically, W±µ particles are vector intermediate bosons having mass mW , which
should satisfy the Klein-Gordon equation
∂µ∂µW
±
ν + k
2W±ν = o(W
±),
where o(W±) stands for the higher order terms of W±, and k = mW c/~. However,
we find that the variational equations of the action (10.1) have the form
δLGWS
δW aµ
= ∂µW aµν + o(W ) = 0,
which implies that W±µ in (10.7) would be massless, contradicting with the fact
that W± are massive.
Higgs mechanism provides a resolution. We see from (10.2) and (10.3) that
φ0 = (0, a)
T is an extremum point of (10.1), i.e. for Φ = (W,B,L,R, φ), Φ0 =
(0, 0, 0, 0, φ0) is a solution of
δLGWS = 0.
Consider the translation
(10.8) Φ = Φ′ + Φ0, Φ′ = (W ′, B′, L′, R′, φ′).
Then the variational equations of LGWS for Φ
′ are given by (for simplicity, omitting
the primes)
(10.9)
(
δ
δW LGWS
δ
δBLGWS
)
=
(
∂µWµν
∂µBµν
)
+M
(
Wν
Bν
)
+ o(W,B) = 0,
where M is the mass matrix induced by Φ0. It is clear that (10.9) is no longer
covariant, or equivalently LGWS breaks the symmetry for Φ
′ for (10.3)-(10.3). But
the particles described by (W ′, B′) receive masses due to the symmetry breaking.
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10.2. Weinberg-Salam electroweak theory. We now recapitulate the WS elec-
troweak theory. In (10.1)-(10.3), replace φ = (φ+, φ0)T by φ = (0, ϕ), then the
system is simplified and still invariant under the transformations (10.3) and (10.4),
and avoids the difficulty that there exists a charged and massless bosonic field φ+
in the classical GWS model. In this case, the Higgs action in (10.2) becomes
LH =∂µϕ∂µϕ+ ϕ2
[
g21
4
W aµW
µa +
g22
4
BµB
µ − g1g2
2
BµW 3µ
]
(10.10)
− λ(ϕ2 − a2)2 +Geϕ(e¯LeR + e¯ReL).
Then the Euler-Lagrange equations of the action (10.1) are given by
∂νW 1νµ − g1gνν(W 2νµW 3ν −W 3νµW 2ν ) +
g1
2
J1µ +
g21
2
ϕ2W 1µ = 0,(10.11)
∂νW 2νµ − g1gνν(W 3νµW 1ν −W 1νµW 3ν ) +
g1
2
J2µ +
g21
2
ϕ2W 2µ = 0,(10.12)
∂νW 3νµ − g1gνν(W 1νµW 2ν −W 2νµW 1ν ) +
g1
2
J3µ +
g1
2
ϕ2(g1w
3
µ − g2Bµ) = 0,(10.13)
∂νBνµ − g2
2
JLµ − g2JRµ +
g2
2
ϕ2(g2Bµ − g1W 3µ) = 0,(10.14)
iγµ(∂µ + i
g2
2
Bµ − ig1
2
W aµσa)
(
ν
eL
)
+Gee
R
(
0
ϕ
)
= 0,(10.15)
iγµ(∂µ + ig2Bµ)e
R +Geϕe
L = 0,(10.16)
∂µ∂µϕ− 1
2
ϕ(g21W
a
µW
µa + g22BµB
µ − 2g1g2W 3µBµ)(10.17)
+ 4λa2ϕ− 4λϕ3 −Ge(e¯LeR + e¯ReL) = 0.
Under the translation (10.8), or equivalently inserting
(10.18) ϕ = φ0 + a
into (10.11)-(10.16) we obtain
∂νW˜ 1νµ +
g21a
2
2
W 1µ +
g1
2
J1µ = o(W,φ0),(10.19)
∂νW˜ 2νµ +
g21a
2
2
W 2µ +
g1
2
J2µ = o(W,φ0),(10.20)
∂νW˜ 3νµ +
g21a
2
2
W 3µ −
g1g2a
2
2
Bµ +
g1
2
J3µ = o(W,B, φ0),(10.21)
∂νBνµ +
g22a
2
2
Bµ − g1g2a
2
2
W 3µ − g2JRµ −
g2
2
JLµ = o(W,B, φ0),(10.22)
iγµDµνe = 0,(10.23)
iγµDµe
L + aGee
R +Geφ0e
R = 0,(10.24)
iγµDµe
R + aGee
L +Geφ0e
L = 0,(10.25)
where
(10.26) W˜ aνµ = ∂νW
a
µ − ∂µW aν , Bνµ = ∂νBµ − ∂µBν .
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From (10.19)-(10.22) we can find the mass terms
(10.27) M

W 1µ
W 2µ
W 3µ
Bµ
 =

g21a
2
2 0 0 0
0
g21a
2
2 0 0
0 0
g21a
2
2 − g1g2a
2
2
0 0 − g1g2a22 g
2
2a
2
2


W 1µ
W 2µ
W 3µ
Bµ

and the current terms
(10.28) Jµ =
(g1
2
J1µ,
g1
2
J2µ,
g1
2
J3µ, −g2JRµ −
g1
2
JLµ
)T
.
In order to generate masses, we have to diagonalize the matrix of (10.27), by a
rotating transformation for (W 3µ , Bµ) as
(10.29)
(
Zµ
Aµ
)
=
(
g1
|g|
g2
|g|
− g2|g| g1|g|
)(
W 3µ
Bµ
)
,
where |g| = (g21 + g22)1/2. On the other hand, the charged currents J±µ are given
by (10.7) which are derived by the transformation (10.6), or equivalently by the
unitary rotation of (W 1µ ,W
2
µ) as
(10.30)
(
W+µ
W−µ
)
=
(
1√
2
i√
2
1√
2
− i√
2
)(
W 1µ
W 2µ
)
.
Hence, under the following unitary transformation
(10.31)

W+µ
W−µ
Zµ
Aµ
 = U

W 1µ
W 2µ
W 3µ
Bµ
 , U =

1√
2
i√
2
0 0
1√
2
− i√
2
0 0
0 0 g1|g|
g2
|g|
0 0 − g2|g| g1|g|
 ,
the mass matrix M in (10.27) becomes
(10.32) UMU† =
c2
~2

m2W 0 0 0
0 m2W 0 0
0 0 m2Z 0
0 0 0 0
 ,
and the current Jµ in (10.28) is as
(10.33)
(
g1√
2
J+µ ,
g1√
2
J−µ , |g|JNCµ , eJemµ
)T
= UJµ.
Also, equations (10.19)-(10.22) become
(10.34)
∂ν(∂νW
+
µ − ∂µW+ν ) +
(cmW
~
)2
W+µ +
g1√
2
J+µ = o(Φ),
∂ν(∂νW
−
µ − ∂µW−ν ) +
(cmW
~
)2
W−µ +
g1√
2
J−µ = o(Φ),
∂ν(∂νZµ − ∂µZν) +
(cmZ
~
)2
Zµ + |g|JNCµ = o(Φ),
∂ν(∂νAµ − ∂µAν)− eJemµ = o(Φ),
where Φ = (W+,W−, Z,A, φ0).
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The above field equations (10.31)-(10.34) lead to the following physical conclu-
sions as part of the classical electroweak theory:
1). When the Higgs field ϕ possesses a nonzero vacuum state as (10.18), the gauge
symmetry breaks, and the fields W aµ and Bµ are recombined to yield a changed
doublet of massive vector intermediate bosons W±µ , a neutral massive vector boson
Zµ, and a massless photon field Aµ:
(10.35)
W±µ =
1√
2
(W 1µ ±W 2µ),
Zµ =
1
|g| (g1W
3
µ + g2Bµ) = cos θWW
3
µ + sin θWBµ,
Aµ =
1
|g| (−g2W
3
µ + g1Bµ) = − sin θWW 3µ + cos θWBµ,
where θW is the Weinberg angle defined as
cos θW =
g1
|g| =
g1√
g21 + g
2
2
, sin θW =
g2
|g| =
g2√
g21 + g
2
2
.
2). The masses of W±µ and Z are as in (10.32) given by
(10.36) mW+ = mW− =
a~√
2c
g1, mZ =
a~√
2c
|g|
3). The electric charge in (10.34) is
(10.37) e = g1 sin θW .
4). Both charged currents J±µ and the neutral current J
NC
µ appearing in (10.34)
are derived from (10.28) and (10.33), given by
(10.38) J±µ =
1
2
(J1µ ± iJ2µ), JNCµ =
1
2
[cos θ2WJ
3
µ − sin2 θWJLµ − 2 sin2 θWJRµ ],
where Jaµ is as in (10.5), and
J3µ = ν¯eγµνe − e¯LγµeL, JRµ = e¯RγµeR,
JLµ = ν¯eγµνe + e¯
Lγµe
L, Jemµ =
1
2
J3µ +
1
2
JLµ + J
R
µ = ν¯eγµνe + e¯
Rγµe
R.
Here Jemµ is the electric current.
5). By (10.24) and (10.25) the mass of an electron is given by
(10.39) me = aGe.
6). Finally, (10.17) is the Higgs field equation, from which we derive the mass
of the Higgs particle as
(10.40) mH = 2a
√
λ.
Two remarks are now in order.
Remark 10.1. From (10.39) and (10.40) we see that the electron mass me and
the Higgs particle mass mH can not be determined by the electroweak theory, and
their values are also helpless for determining the masses of W±µ and Zµ. By the
V −A theory, we have
GF√
2
=
g21
8m2W
=
1
4a2
,
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where GF is the Fermi constant. Therefore,
(10.41) a2 =
1
2
√
2GF
.
Experimentally the value of θW is determined by
sin2 θW = 0.2325± 0.008.
Then, from (10.36), (10.37) and (10.41) it follows that
mW = 80.22± 0.26 GeV/c2,
mZ = 91.173± 0.020 GeV/c2.
Remark 10.2. It is worth mentioning that the transformation (10.31) corresponds
to a mixed transformation of U(1) generator σ0 = 1 and SU(2) generators σa:
τ1
τ2
τ3
τ0
 = U

σ1
σ2
σ3
σ0
 .
Consequently, the GWS electroweak model cannot be decoupled to study individual
interactions. In other words, the classical electroweak theory violates the principle
of representation invariance (PRI).
10.3. Electroweak theory obeying PRI. We have seen that the classical elec-
troweak theory violates PRI. In the following we develop a much simpler electroweak
theory based on PID, which not only satisfies the PRI, but also leads to the same
outcomes as the classical electroweak theory.
According to the IVB theory of weak interactions, the charged currents and the
neutral currents are
(10.42) j±µ =
g1√
2
J±µ , j
NC
µ =
g1
cos θW
JNCµ .
In particular, we see that the WS theory gives rise to the ratio
j±µ /j
NC
µ =
1√
2
cos θWJ
±
µ /J
NC
µ ,
which the new theory should retain as well.
We note that the doublets
(10.43) e˜R =
(
eR
0
)
, e˜L =
(
0
eL
)
, ν˜e =
(
νe
0
)
are SU(2) symmetric, i.e. they can not be distinguished by themselves. Hence, the
fermionic action LF in general is taken in the form
LF =L¯iγµDµL+ α1¯˜eLiγµDµe˜L
+ α2¯˜e
R
iγµDµe˜
R + α3i ¯˜νeγ
µDµν˜e,
where α1, α2, α3 are constants, and
Dµe˜
L = (∂µ + iβ1Bµ − ig1
2
W aµσa)e˜
L,
Dµe˜
R = (∂µ + iβ2Bµ − ig1
2
W aµσa)e˜
R,
Dµν˜e = (∂µ + iβ3Bµ − ig1
2
W aµσa)ν˜e.
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By (10.43), LF can be equivalently written as
LF = L¯iγµDµL+ iα3ν¯eγµ(∂µ + iβ3Bµ − ig1
2
W 3µ)νe(10.44)
−α1e¯Liγµ(∂µ + iβ1Bµ − ig1
2
W 3µ)e
L
+α2e¯
Riγµ(∂µ + iβ2Bµ − ig1
2
W 3µ)e
R.
If we regard W 3µ as Zµ, Bµ as Aµ and g2 as e, then the currents derived from
(10.44) are as follows
(10.45)
J±µ = L¯γµσ
±L, σ± =
1
2
(σ1 ± iσ2),
JNCµ =
cos θW
2
[J3µ − α1e¯LγµeL + α2e¯RγµeR + α3ν¯eγµνe],
Jemµ =
1
2
[L¯γµL− α1β1
e
e¯Lγµe
L +
α2β2
e
e¯Rγµe
R +
α3β3
e
ν¯eγµνe].
The currents in (10.45) will be utterly the same as those from the classical elec-
troweak theory if the parameters αk and βk (1 ≤ k ≤ 3) are chosen properly.
Now, we take the action
(10.46) L =
∫
[LG + LF ]dx,
where LF is (10.44) and LG as in (10.3) with Bµ = Aµ being the electromagnetic
potential. The the variational equations of (10.46) with the divA-free constraint
are given by
∂νW 1νµ − g1gνν(W 2νµW 3ν −W 3νµW 2ν ) +
g1
2
J1µ(10.47)
=
[
η1∂µ +
η1
4
(mHc
~
)2
xµ − k2W 1µ
]
φ,
∂νW 2νµ − g1gνν(W 3νµW 1ν −W 1νµW 3ν ) +
g1
2
J2µ(10.48)
=
[
η2∂µ +
η2
4
(mHc
~
)2
xµ − k2W 2µ
]
φ,
∂νW 3νµ − g1gνν(W 1νµW 2ν −W 2νµW 12 ) +
g1
cos θW
JNCµ(10.49)
=
[
η3∂µ +
η2
4
(mHc
~
)2
xµ − k20W 3µ
]
φ,
∂ν(∂νAν − ∂νAν)− eJemµ = 0,(10.50)
where η = (η1, η2, η3) is the SU(2) gauge tensor, φ is a scalar field, J±µ =
1
2 (J
1
µ ±
iJ2µ), J
NC
µ , J
em
µ are as in (10.45), and
(εab) =
k2 0 00 k2 0
0 0 k20

is a 2nd-order SU(2) tensor with
(10.51) k =
mW c
~
, k0 =
mZc
~
.
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It is clear that the equations (10.47)-(10.50) are covariant under transformations of
representations of U(1)× SU(2). Namely, PRI holds true for this model.
Then by taking the divergence on both sides of (10.47)-(10.49) and making the
inner product with η = (η1, η2, η3), we obtain the field equation for φ:
∂µ∂µφ+
(mHc
~
)2
φ =ηbεabW
a
µ∂
µφ+
g1
2
ηa∂µJaµ(10.52)
+ g1η
aεabcgνα∂µ(W bνµW
c
α),
which is the field equation describing the Higgs particle.
From (10.47)-(10.49) we see that when φ possesses a nonzero ground state, i.e.
φ = 1 + φ0,
then the intermediate vector bosons W± and Z with masses mW and mZ are
generated. Furthermore we can easily derive all six conclusions 1)-6) in the last
subsection based on the classical electroweak theory.
11. Interaction Potentials
All four forces are described by their corresponding potentials, which obey the
field equations (4.22)-(4.26). In [15] and previous sections of this article, we have
derived force formulas for gravitational fields, strong interaction, and the weak in-
teraction. These formulas offer unified theories for dark energy and dark matter,
for quark confinement and asymptotic freedom, for the nuclear forces, for the van
der Waals force, and for the nature of short-range properties of strong and weak
interactions. In this section, we synthesize these formulas and their physical impli-
cations.
11.1. Charge and Rotation Potentials. Each interaction in nature has its source,
which we call charge, generating the corresponding force:
gravitation: mass charge m,
electromagnetism: electric charge e,
weak interaction: weak charge gw,
strong interaction: strong charge gs.
An interaction force is the negative gradient of the corresponding charge potential
Φ:
(11.1) F = −K∇Φ with K being the corresponding charge.
The precise definitions of these charge potentials are given as follows:
Gravitation. The gravitational field is described by the Riemannian metric
{gµν} of the four-dimensional space-time, representing the gravitational potential.
In a center mass field, its charge potential ΦG is the time-component g00 of {gµν}
[1, 15]:
(11.2) ΦG = −c
2
2
(1 + g00),
and the gravitational force is given by
(11.3) FG = −c
2m
2
∇g00.
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Electromagnetism. For the electromagnetic potentialAµ = (A0, A1, A2, A3),
the time-component A0 represents its charge potential:
ΦE = A0,
and the space vector ~A = (A1, A2, A3) represents the magnetic potential. Conse-
quently, we have
(11.4)
FE = −e∇ΦE the electric charge force,
FM =
1
c
e ~v × curl ~A the Lorentz force acting on e.
For the current Jµ = (J0, J1, J2, J3) given by (4.18), J0 is the electric charge density,
and ~J = (J1, J2, J3) is the electric current density.
Weak interaction. The weak field is the SU(2) gauge potentials {W aµ | a =
1, 2, 3}. The total weak potential is defined by
(11.5) Wµ = α
w
aW
a
µ ,
a gauge representation invariant scalar, i.e. obeying PRI. Here αwa is as defined in
(4.31) representing the distribution vector of weak charge. In the same spirit as the
electromagnetism, we define
(11.6)
W0 the weak charge potential,
~W = (W1,W2,W3) the weak rotational potential,
and the corresponding weak force and weak rotational force are given by
(11.7)
FWE = −gw∇W0,
FWM = −gwεabcαaw ~Jb ×∇ ~W c,
where εabc are the structural constants of SU(2) with the Pauli representation, ~Ja
and ~W a are the space vectors of Jaµ and W
a
µ , FWE is the weak force acting on a
particle with one weak charge gw, and FWM is the weak rotational force, a similar
object of magnetic force. We note that both FWE and FWM are gauge group
representation invariant, i.e. they obey PRI.
For the weak charge current Jaµ , α
w
a J
a
0 represents the weak charge density, and
αwa ~J
a stands for the weak current density.
Strong interaction. QCD fields are the SU(3) gauge potentials {Skµ | k =
1, · · · , 8}, representing the eight force carrier gluons. Thanks to PRI again, the
total potential is
Sµ = α
s
kS
k
µ, α
s
k is as in (4.31).
The zeroth component S0 represents the strong-charge potential, and the spatial
component ~S = (S1, S2, S3) represent strong-rotational potential:
(11.8)
S0 the strong charge potential,
~S = (S1, S2, S3) the strong rotational potential.
and the forces
(11.9)
FSE = −gs∇S0,
FSM = gsλ
kijαks
~Qi × curl~Sj ,
represent the strong acting forces generated by the strong charge gs and the strong
charge current Qkµ. It is clear that both FSE and FSM obey PRI.
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For the strong charge current Qkµ, α
s
kQ
k
0 represents the strong charge density,
and αsk
~Qk stands for the weak current density, where ~Qk = (Qk1 , Q
k
2 , Q
k
3).
11.2. Gravitational force. The decoupling gravitational field equations for grav-
ity from (4.34) are given by [15]:
(11.10) Rµν − 1
2
gµνR = −8piG
c4
Tµν −∇µ∇µϕ,
When we consider a spherically symmetric central gravitational field, the metric is
in a diagonal form:
ds2 = g00c
2dt2 + g11dr
2 + r2(dθ2 + sin2 θdϕ2),
with
(11.11)
g00 = −eu, g11 = ev, g22 = r2, g33 = r2 sin2 θ,
u = u(r), v = v(r), ϕ = ϕ(r).
It follows from (11.10) that u, v and ϕ satisfy
(11.12)
u′′ +
2u′
r
+
u′
2
(u′ − v′) = ϕ′′ − 1
2
[
u′ + v′ − 4
r
]
ϕ′,
u′′ − 2v
′
r
+
u′
2
(u′ − v′) = −ϕ′′ + 1
2
[
u′ + v′ +
4
r
]
ϕ′,
u′ − v′ + 2
r
(1− ev) = r
[
ϕ′′ +
1
2
(u′ − v′)ϕ′
]
,
supplemented with the following initial conditions
(11.13) u′(r0) = u0, v(r0) = v0, ϕ(r0) = ϕ0, r0 > 0.
By (11.3), (11.11) and (11.12) we obtain the following approximate gravitational
force formula:
(11.14) FG = mMG
[
− 1
r2
− k0
r
+ k1r
]
.
By (11.13) there are three free parameters in FG. Therefore the two parameters
k0 and k1 are free. The parameters k0 and k1 can be estimated using the Rubin
rotational curves and the acceleration of the expanding galaxies:
k0 = 4× 10−18km−1, k1 = 10−57km−3.
We emphasize here that the formula (11.14) is only a simple approximation for
illustrating some features of both dark matter and dark energy.
11.3. Coulomb law. The decoupled electromagnetic field equations with duality
from (4.35) are written as
∂ν∂νAµ = eJµ +
(
∂µ − α
Ee
~c
Aµ
)
φE ,(11.15)
∂µAµ = 0,(11.16)
and taking divergence on both sides of (11.15), by (11.16) and
∂µJµ = 0,
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we deduce that
(11.17) ∂µ∂µφ
E − α
Ee
~c
Aµ∂
µφE = 0.
Consider the static electric state:
∂Aµ
∂t
= 0,
∂φE
∂t
= 0.
We then infer from (11.15)-(11.17) and J0 = δ(x) that
(11.18)
−∆2A0 = eδ(x)− α
Ee
~c
A0φ
E ,
−∆2φE = α
Ee
~c
~A · ∇φE ,
−∆2 ~A = ∇φE − α
Ee
~c
Aµφ
E ,
div ~A = 0.
The radial symmetric solution of (11.18) is given by
(11.19) A0 =
e
r
, φE = 0,
which is the Coulomb potential. Hence the potential derived from the duality
equations of electromagnetism is entirely the same as that derived from the classical
Maxwell equations.
11.4. Strong interaction potential. By (4.17) and (4.18) we deduce that
∂µQkµ = −
2gs
~c
fkjiSiµQ
µj .
In a particle, we have
∂µQkµ = −
2gs
~c
fkjiSi0(0)α
j
sθ0δ(x),
∂φs
∂t
=
∂Skµ
∂t
= 0.
With a linear approximation, we derive from (5.35) and (5.36) that
−∇2S0 = gsθ0δ(r) + gsζ
kαks
4
√
~c
k20cτφ
s,(11.20)
−∇2φs + k2φs = gsθ0κ
ρ
δ(x)− k2~x · ∇φs,(11.21)
where
k =
mc
~
, Si0(0) =
1
|Bρ|
∫
Bρ
Si0dv =
ξi
ρ
, κ =
2√
~c
f ijk
αisξ
jζk
|ζ|2 .
Here ρ is the radius of the related particle, and m ad τ are the mass and lifetime
of φs particle.
Then we derive from (11.20) and (11.21) three levels of strong interaction po-
tentials: the quark potential Sq, the nucleon potential Sn and the atom/molecule
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potential Sa:
Sq = gs
[
1
r
− Bk
2
0
ρ0
e−k0rϕ(r)
]
,(11.22)
Sn = 3
(
ρ0
ρ1
)3
gs
[
1
r
− Bnk
2
1
ρ1
e−k1rϕ(r)
]
,(11.23)
Sa = 3N
(
ρ0
ρ1
)3(
ρ1
ρ2
)3
gs
[
1
r
− Bnk
2
1
ρ2
e−k1rϕ(r)
]
,(11.24)
where ϕ(r) ∼ r/2 is a polynomial, B,Bn are constants, k0 = mc/~, k1 = mpic/~,
m is mass of the strong interaction Higgs particle, mpi is the mass of the Yukawa
meson, ρ0 is the effective quark radius, ρ1 is the radius of a nucleon/hadron, and
ρ2 is the radius of an atom/molecule.
11.5. Weak interaction potential. As the intermediate vector bosons W±, Z
and the Higgs boson φw are massive, the decoupled weak interaction field equations
from (4.36) are given by
∂νW aνµ −
gw
2~c
εabcgαβW bαµW
c
β − gwJaµ(11.25)
=
gw√
~c
ηa
[
∂µ − gw~c α
w
b W
b
µ +
1
4
(mHc
~
)2
xν
]
φw.
As in the case for strong interaction, we can derive the field equation for the weak
interaction potential from (11.25):
(11.26) −∆W = gwδ(x) + g
2
w√
~c
αawη
a
[
k2H
4
cτ − gw
~c
W
]
φw,
where W = αawW
a
0 is as in (11.6), kH = cmH/~, mH and τ are the mass and
lifetime of the Higgs,
φw = β + φ0, β is a constant.
Take a translation
W −→W + k
2
H~c2τ
4gw
.
Then (11.26) becomes
(11.27) −∆W + k21W = gwδ(x)−
g2w
(~c)3/2
KWφ0,
where
k21 =
g2w
(~c)3/2
αawζ
aβ, K = αawη
a.
From (11.25) we also obtain a linearized approximation for φ0:
(11.28) −∇2φ0 + k2H = −
√
~cξa∂µJaµ ,
where ξa = ηa/|η|2, and we have supplemented a gauge equation for compensating
the generation of φ:
gw
~c
αwa ∂
µW bµ = k
2
H .
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Ss in (11.22)-(11.24), we derive from (11.27) and (11.28) the weak interaction po-
tential:
W = gwe
−k1r
[
1
r
− e−k0rψ(r)
]
,(11.29)
where
ψ =
∞∑
n=1
An
(
g2w
~c
)3n/2
gwe
−nk1rψn,
ψn(r) = ln r
∞∑
k=n−1
ankr
k +
∞∑
k=n−1
bnkr
k
k1 = mW c/~, kH = mHc/~, mW is the mass of W± or Z boson, and mH is the
mass of the Higgs.
12. Energy Levels of Elementary Particles
12.1. Energy levels of particles. Let Gµ represent the potentials for three in-
teractions as follows:
Gµ = Aµ for electromagnetic interaction,
Gµ = Wµ = α
w
aW
a
µ for weak interaction,
Gµ = Sµ = α
s
kS
k
µ for strong interaction.
Let Ψ = (Ψ1,Ψ2,Ψ3,Ψ4)
T be the wave function describing elementary particles
such as baryons, leptons and quarks. Then as in gauge theories, the weave function
Ψ satisfies the Dirac equations:(
i~
∂
∂t
− gG0 −mc2
)(
Ψ1
Ψ2
)
= ~c (~σ · ~P )
(
Ψ3
Ψ4
)
,(12.1) (
i~
∂
∂t
− gG0 +mc2
)(
Ψ3
Ψ4
)
= ~c (~σ · ~P )
(
Ψ1
Ψ2
)
,(12.2)
where g is the corresponding charge,
~σ · ~P =
(
−i∂1 − g~cG1
)
σ1 +
(
−i∂2 − g~cG2
)
σ2 +
(
−i∂3 − g~cG3
)
σ3,
and σi are the Pauli matrices.
If Gµ is independent of time, then Ψ can be written as
(12.3) Ψ = e−i(E−mc
2)t/~ψ(x).
We then infer from (12.1) and (12.2) that
(E − gG0 − 2mc2)
(
Ψ1
Ψ2
)
= ~c (~σ · ~P )
(
Ψ3
Ψ4
)
,(12.4)
(E − gG0)
(
Ψ3
Ψ4
)
= ~c (~σ · ~P )
(
Ψ1
Ψ2
)
.(12.5)
Physically we have
E − gG0 = kinetic energy + mass.
Hence we can approximately take
E − gG0 = ε = the average of kinetic energy + mass.
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Then (12.5) becomes
(12.6)
(
Ψ3
Ψ4
)
= ~c (ε−1~σ · ~P )
(
Ψ1
Ψ2
)
.
Inserting (12.6) into (12.4) leads to
(12.7)
ε(E − gG0 − 2mc2)
~c
(
Ψ1
Ψ2
)
= (~σ · ~P )2
(
Ψ1
Ψ2
)
.
Ignoring the space component ~G = (G1, G2, G3), we deduce from (12.7) that
(12.8) −∇2Φ + g
~c
G0(x)Φ = λΦ,
where Φ = ψ1 and λ = ε(E − 2mc2)/(~c) represent the energy level of a particle.
We remark here that equation (12.8) can be equivalently derived from the clas-
sical Schro¨dinger equation. For mesons, the corresponding energy equations can be
derived from the Klein-Gordon equations.
We now the energy level theory for all elementary particles.
First if all, when we consider the leptons and quarks, we take (12.8) in the
following form:
(12.9) −∇2Φw + gw
~c
W (x)Φw = λwΦw,
where W = αwaW
a
0 . If we consider hadrons, we use
(12.10) −∇2ΦH + gs
~c
S(x)ΦH = λHΦH ,
where S = αskS
k
0 .
Assume that
(12.11) Φw,ΦH = 0 for r ≥ R, R is the cosmos radius.
Mathematically it is clear that there are finite number of negative eigenvalues of
(12.9) and (12.10) with (12.11), respectively:
−∞ < λw1 ≤ λw2 ≤ · · · ≤ λwK < 0,(12.12)
−∞ < λH1 ≤ λH2 ≤ · · · ≤ λHN < 0,(12.13)
such that
(12.14) λwk − λwk+1 → 0, λHj − λHj+1 → 0 as R→∞.
Let Φwk and Φ
H
j be the corresponding eigenstates of (12.9) and (12.10) respectively.
Then we obtain the following assertions:
• Each lepton or quark is represented by an eigenstate Φwk of (12.9) with λwk
being its binding energy for some 1 ≤ k ≤ K.
• Each hadron is represented by an eigenstate ΦHj of (12.10) with λHj being
its binding energy for some 1 ≤ j ≤ N .
• The eigenstate Φw1 of (12.9) with the lowest energy level λw1 represents the
electron.
• The eigenstate ΦH1 of (12.9) with the lowest energy level λH1 represents the
proton.
• A matter particle is regarded as an energy parcel corresponding to an level
λwk or λ
H
j , with |Φwk |2 or |ΦHj |2 being its energy density.
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12.2. Particle decays. Based on the energy level theory established above, de-
cay and colliding reactions can be considered as transitions of energy levels. For
example, the β-decay
n→ p+ e+ ν¯e
is a transition of a neutron in higher energy level to a proton in lower energy level
accompanied by the emission of an electron and anti-neutrino, which take away the
energy.
Formula (11.22)-(11.24) and (11.29) provide a direct explanation for particle
decays. For example, the process that a baryon decays into two hadrons can be
regarded as two sub-processes as shown in Figures 12.1 and 12.2, where black dots
represent quarks.
Figure 12.1 shows that when externally excited, a pair of quarks in a baryon
split with each into two quarks, and the resulting five quarks will immediately form
a new baryon and a meson. Figure 12.2(b) illustrates that the two new hadrons
are formed causing the decay.
By applying the strong interaction force, the decay process can be interpreted
as follows:
(1). Quark confinement. By (11.22), the quark binding energy is about
(12.15) Eq ' g
2
sB
r20ρ0
ϕ(r), r0 = k
−1
0 ' 10−16cm,
where ϕ(r0) ' r0/2. The estimated quark radius ρ0 ' 10−21 is very small. In
addition, by the Yukawa potential, we know that
g2s = 10e
2 ' 2× 10−11 MeV · cm,
and the constant B is estimated in [13] as
B ' 10−2 cm.
Hence it follows from (12.15) that
(12.16) Eq ' 1021 GeV,
which is beyond the Planck level. Consequently an energy level beyond the Planck
energy 1019 GeV is required to break free a quark in a baryon.
Figure 12.1. Externally excited quarks split in pairs, forming
new hadrons.
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+
Figure 12.2. Two hadrons being push apart after splitting.
(2) When the quarks in a hadron is split forming two or more hadrons, the strong
interaction between the two newly formed hadrons follow immediately the strong
interaction potential (11.23) for nucleons/hadrons. As these two new hadrons are
too close, the strong nuclear force with potential (11.23) is repelling, causing decay.
(3) Quark splitting appears to occur in pairs, i.e. evenness or oddness of the
total number of quarks is invariant in a decay process.
13. Stability of Matter
Based on the theory presented in the previous sections, the structure and stability
of matter can be understood in four different scales from the largest cosmos to the
smallest elementary particles as follows:
Stars, galaxies and cosmos. Gravity plays the most important role for the
structure and its formation of large scale stars, galaxies and cosmos. It is the new
gravitational force formula (11.14) established in [15] that shows that gravity is
both attracting (Newton and dark matter) for the scale smaller than 10 million
light years, and repelling (dark energy) for scale greater than 10 million light years.
The largest scale repelling of gravity avoids an eventual collapsing of all galaxies.
The attraction of gravity in a relatively smaller scale enables the formation of stars
and galaxies.
The dual field ϕ in the gravitational field equations (11.10) causes the repelling
of gravity in the largest scale. It is shown in [15] that the dual ϕ vanishes if the
matter in the universe is uniformly distributed. In summary, it is the interaction
between the gravitational field {gµν} and the dual field ϕ that maintains the large
scale structure of the universe.
Atomic and molecular level. Atoms and molecules are held together by
Coulomb attracting force. The reasons why atoms do not collapse are mainly
due to 1) the energy levels of electrons preventing electrons from collapsing to the
nuclear, and 2) the Pauli principle for the stability of bulk matter; see among others
[12].
Nucleons/hadron level. By (11.22), the strong interacting force between two
quarks is repelling as the distance between them is small avoiding the collapsing
quarks together, and is attracting holding them together and forming a hadron
as the distance increases. In the hadron level, by (11.23), the strong acting also
are repelling when two hadrons are close (less than 10−13cm), again avoiding the
collapsing of hadrons. When the distance between two hadrons increases (about
10−13− 10−12cm), the strong attracting force takes place binding hadrons together
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forming a nuclear. Then by (11.24), when the distance between two molecules or
atoms is less than 10−7cm, the strong repelling force induces the van der Waals
repelling force.
Lepton and quark level. In this level, the acting force is the weak force (11.29).
Again the short distance repelling avoids collapsing, and followed by attracting weak
force forming a lepton or a quark.
In summary, all four forces display both attracting and repelling hold mat-
ter/particle together and avoiding collapsing at the same time. This is the essence
of the stability of matter in the universe from the smallest elementary particles
to largest galaxies in the universe. Also, the energy levels for leptons and hadrons
classifies all leptons and hadrons with electron and proton being the smallest energy
level elementary particles.
14. Conclusions of Part 1
The main objective of Part 1 is to drive a unified field model coupling four in-
teractions, based on the principle of interaction dynamics (PID) and the principle
of representation invariance (PID). Intuitively, PID takes the variation of the ac-
tion functional under energy-momentum conservation constraint. PRI requires that
physical laws be independent of representations of the gauge groups. One impor-
tant outcome of this unified field model is a natural duality between the interacting
fields (g,A,W a, Sk), corresponding to graviton, photon, intermediate vector bosons
W± and Z and gluons, and the adjoint bosonic fields (Φµ, φE , φaw, φ
k
s). This dual-
ity predicts two Higgs particles of similar mass with one due to weak interaction
and the other due to strong interaction. PID and PRI can be applied directly to
individual interactions, leading to 1) modified Einstein equations, giving rise to a
unified theory for dark matter and dark energy, 2) three levels of strong interaction
potentials for quark, nucleon/hadron, and atom respectively, and 3) a weak inter-
action potential. These potential/force formulas offer a clear mechanism for both
quark confinement and asymptotic freedom—a longstanding problem in particle
physics. Also, we intend to offer our view on such questions as why our universe is
as it is, by introducing energy levels for leptons and quarks as well as for hadrons,
and by exploring essential characteristics of the potential/force formulas.
Part 2. Weakton Model of Elementary Particles and Decay Mechanisms
15. Introduction
The matter in the universe is made up of a number of fundamental constituents.
The current knowledge of elementary particles shows that all forms of matter are
made up of 6 leptons and 6 quarks, and their antiparticles. The basic laws govern-
ing the dynamical behavior of these elementary particles are the laws for the four
interactions/forces: the electromagnetism, the gravity, the weak and strong inter-
actions. Great achievements and insights have been made for last 100 years or so on
the understanding of the structure of subatomic particles and on the fundamental
laws for the four interactions; see among many others [7, 5, 11, 25, 21].
However, there are still many longstanding open questions and challenges. Here
are a few fundamental questions which are certainly related to the deepest secret
of our universe:
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Q1 What is the origin of four forces?
Q2 Why do leptons not participate in strong interactions?
Q3 What is the origin of mass?
Q4 What is the mechanism of subatomic decays and reactions?
Q5 Why can massless photons produce massive particles? Or in general, why
can lepton and anti-lepton pairs produce hadron pairs?
Q6 Are leptons and quarks true elementary particles? Do leptons and quarks
have interior structure?
Q7 Why are there more matters than anti-matters? This is the classical baryon
asymmetry problem.
Q8 What are the strong and weak force formulas?
Q9 Why, in the same spatial scale, do strong and weak interactions exhibit
both repelling and attraction?
Q10 Why are the weak and strong interactions short-ranged, and what are the
ranges of the four interactions?
Q11 What is the mechanism of quark confinement?
Q12 What is the mechanism of bremsstrahlung?
The main objectives of Part 2 of this article are 1) to study the mechanism of
subatomic decays, 2) to propose a weakton model of elementary particles, and 3)
to explain the above questions Q1–Q12. We proceed as follows.
1. The starting point of the study is the puzzling decay and reaction behavior of
subatomic particles. For example, the electron radiations and the electron-positron
annihilation into photons or quark-antiquark pair clearly shows that there must be
interior structure of electrons, and the constituents of an electron contribute to the
making of photon or the quark in the hadrons formed in the process. In fact, all
sub-atomic decays and reactions show clearly the following conclusion:
(15.1)
There must be interior structure of charged leptons, quarks and mediators.
2. The above conclusion motivates us to propose a model for sub-lepton, sub-
quark, and sub-mediators. It is clear that any such model should obey four basic
requirements.
The first is the mass generation mechanism. Namely, the model should lead
to consistency of masses for both elementary particles, which we call weaktons to
be introduced below, and composite particles (the quarks, leptons and mediators).
Since the mediators, the photon γ and the eight gluons gk (k = 1, · · · , 8), are all
massless, a natural requirement is that
(15.2) the proposed elementary particles—weaktons— are massless.
Namely, these proposed elementary particles must have zero rest mass.
The second requirement for the model is the consistency of quantum numbers for
both elementary and composite particles. The third requirement is the exclusion of
nonrealistic compositions of the elementary particles, and the fourth requirement
is the weakton confinement.
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3. Careful examinations of these requirements and subatomic decays/reactions
lead us to propose six elementary particles, which we call weaktons, and their anti-
particles:
(15.3)
w∗, w1, w2, νe, νµ, ντ ,
w¯∗, w¯1, w¯2, ν¯e, ν¯µ, ν¯τ ,
where νe, νµ, ντ are the three generation neutrinos, and w
∗, w1, w2 are three new
particles, which we call w-weaktons. These are massless, spin- 12 particles with one
unit of weak charge gw. Both w
∗ and w¯∗ are the only weaktons carrying strong
charge gs.
With these weaktons at our disposal, the weakton constituents of charged leptons
and quarks are then given as follows:
(15.4)
e = νew1w2, µ = νµw1w2, τ = ντw1w2,
u = w∗w1w¯1, c = w∗w2w¯2, t = w∗w2w¯2,
d = w∗w1w2, s = w∗w1w2, b = w∗w1w2,
where c, t and d, s, b are distinguished by the spin arrangements; see (18.6) and
(18.7).
4. Using the duality given in the unified field theory for four interactions, the
mediators of strong, weak and electromagnetic interactions include the photon γ,
the vector bosons W± and Z, and the gluons gk, together with their dual fields φγ ,
φ±W , φ
0
Z , and φ
k
g . The constituents of these mediators are given by
(15.5)
γ = cos θww1w¯1 − sin θww2w¯2 (,),
Z0 = cos θww2w¯2 + sin θww1w¯1 (,),
W− = w1w2(,),
W+ = w¯1w¯2(,),
gk = w∗w¯∗(,), k = color index,
and the dual bosons:
(15.6)
φγ = cos θww1w¯1 − sin θww2w¯2(↑↓, ↓↑),
φ0Z = cos θww2w¯2 + sin θww1w¯1(↑↓, ↓↑),
φ−W = w1w2(↑↓, ↓↑),
φ+W = w¯1w¯2(↑↓, ↓↑),
φkg = w
∗w¯∗(↑↓, ↓↑),
where θw ∼= 28.76◦ is the Weinberg angle.
Remarkably, both the spin-1 mediators in (15.5) and the spin-0 dual mediators
in (15.6) have the same weakton constituents, differing only by their spin arrange-
ments. The spin arrangements clearly demonstrate that there must be spin-0 parti-
cles with the same weakton constituents as the mediators in (15.5). Consequently,
there must be dual mediators with spin-0. This observation clearly supports the
unified field model presented in [17] and in Part I of this article. Conversely, the
existence of the dual mediators makes the weakton constituents perfectly fit.
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5. Also, a careful examination of weakton constituents predicts the existence of an
additional mediator, which we call the ν-mediator:
(15.7) φ0ν =
∑
l
αlνlν¯l(↓↑),
∑
l
α2l = 1,
taking into consideration of neutrino oscillations. When examining decays and
reactions of sub-atomic particles, it is apparent for us to predict the existence of
this mediator.
6. One important conclusion of the aforementioned weakton model is that all
particles—both matter particles and mediators—are made up of massless weak-
tons. A fundamental question is how the mass of a massive composite particle is
generated. In fact, based on the Einstein formulas:
(15.8)
d
dt
~P =
√
1− v
2
c2
~F , m =
√
1− v
2
c2
E
c2
,
we observe that a particle with an intrinsic energy E has zero mass m = 0 if it moves
in the speed of light v = c, and possess nonzero mass if it moves with a velocity
v < c. Hence by this mass generation mechanism, for a composite particle, the
constituent massless weaktons can decelerate by the weak force, yielding a massive
particle.
In principle, when calculating the mass of the composite particle, one should also
consider the bounding and repelling energies of the weaktons, each of which can be
very large. Fortunately, the constituent weaktons are moving in the “asymptotically-
free” shell region of weak interactions as indicated by the weak interaction poten-
tial/force formulas, so that the bounding and repelling contributions to the mass
are mostly canceled out. Namely, the mass of a composite particle is due mainly
to the dynamic behavior of the constituent weaktons.
7. As we mentioned earlier, one requirement for the weakton model is the consis-
tency of quantum numbers for both elementary particles and composite particles.
In fact, the weakton model obeys a number of quantum rules, which can be used to
exclude unrealistic combinations of weaktons. The following rules are introduced
for this purpose:
a) Weak color neutral rule: each weakton is endowed with a weak color quan-
tum number, and all weakton composite particles must be weak color neu-
tral.
b) BL = 0, LiLj = 0 (i 6= j), where B is the baryon number and L is the
lepton number.
c) L+Qe = 0 if L 6= 0 and |B +Qe| ≤ 1 if B 6= 0.
d) Angular Momentum Rule: Only the fermions with spin s = 12 can rotate
around a center with zero moment of force. The particles with s 6= 12 will
move in a straight line unless there is a nonzero moment of force present.
The angular momentum is a consequence of the Dirac equations, and it is
due to this rule that there are no spin-3/2 quarks.
8. Remarkably, the weakton model offers a perfect explanation for all sub-atomic
decays. In particular, all decays are achieved by 1) exchanging weaktons and conse-
quently exchanging newly formed quarks, producing new composite particles, and
2) separating the new composite particles by weak and/or strong forces.
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One aspect of this decay mechanism is that we know now the precise constituents
of particles involved in all decays/reactions both before and after the reaction. It
is therefore believed that the new decay mechanism provides clear new insights for
both experimental and theoretical studies.
9. The weakton theory, together with the unified field theory developed in [17] and
in Part 1 of this article, provides sound explanations and new viewpoints for the
twelve fundamental questions given at the beginning of the Introduction.
We end this Introduction by mentioning that there have been numerous studies
on sub-quark and sub-lepton models; see among others [20, 2, 23, 8]
Part 2 of this article was first appeared as an independent preprint [18], and is
organized as follows. A brief introduction to the current understanding of elemen-
tary particles is given in Section 16, focusing on 1) the constituents of subatomic
particles, and 2) decays. Section 17 addresses a few theoretical foundations needed
for introducing the weakton model, which is then introduced in Section 18. All
decays are then perfectly explained using the weakton model in Section 19. An
application of the weakton model to bremsstrahlung is given in Section 20. Sec-
tion 21 summaries conclusions of Part 2, focusing on answers and explanations to
the above 12 open questions.
16. Current Knowledge of Elementary Particles
The current view on subatomic particles classifies all particles into two basic
classes, bosons and fermions:
bosons = integral spin particles,
fermions = fractional spin particles.
However, based on their properties and laws in Nature, all particles are currently
classified into four types:
leptons, quarks, mediators, hadrons.
Hereafter we recapitulate the definitions and the quantum characterizations of these
particles.
16.1. Leptons. Leptons are fermions which do not participate in strong interac-
tion, and have three generations with two in each generation:(
e
νe
)
,
(
µ
νµ
)
,
(
τ
ντ
)
,
where e, µ, τ are the electron, the muon, the tau, and νe, νµ, ντ are the e neutrino,
the µ neutrino, the τ neutrino. Together with antiparticles, there are total 12
leptons:
particles: (e−, νe), (µ−, νµ), (τ−, ντ ),
antiparticles: (e+, ν¯e), (µ
+, ν¯µ), (τ
+, ν¯τ ).
The quantum numbers of leptons include the mass m, the charge Q, the lifetime
τ , the spin J , the e-lepton number Le, the µ-lepton number Lµ, and the τ -lepton
number Lτ . Table 1 lists typical values of these quantum numbers, where the mass
is in MeV/c2, lifetime is in seconds, and the charge is in the unit of proton charge.
Also, we remark that the left-hand property of neutrinos is represented by J = − 12
for ν, and J = + 12 for ν¯.
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Table 1. Leptons
lepton M Q J Le Lµ Lτ τ
e− 0.51 -1 ±1/2 1 0 0 ∞
νe 0 0 −1/2 1 0 0 ∞
e+ 0.51 +1 ±1/2 -1 0 0
ν¯e 0 0 +1/2 -1 0 0 ∞
µ− 105.7 -1 ±1/2 0 1 0 2.2× 10−6
νµ 0 0 −1/2 0 1 0 ∞
µ+ 105.7 +1 ±1/2 0 -1 0
ν¯µ 0 0 +1/2 0 -1 0 ∞
τ− 1777 -1 ±1/2 0 0 1 3× 10−13
ντ 0 0 −1/2 0 0 1 ∞
τ+ 1777 +1 ±1/2 0 0 -1
ν¯τ 0 0 +1/2 0 0 -1 ∞
16.2. Quarks. Based on the Standard Model, there are three generations of quarks
containing 12 particles, which participate in all interactions:
quarks: (u, d), (c, s), (t, b),
antiquarks: (u¯, d¯), (c¯, s¯), (t¯, b¯).
The celebrated quark model assets that three quarks are bounded together to
form a baryon, and a pair of quark and antiquark are bounded to form a meson.
Quarks are confined in hadrons, and no free quarks have been found in Nature.
This phenomena is called quark confinement, which can be very well explained
using the three levels of strong interaction potentials derived using the unified field
theory developed recently in [17] and in Part 1 of this article; see discussions in
Section 17.4.
The quantum numbers of quarks include the mass m, the charge Q, the baryon
number B, the spin J , the strange number S, the isospin I and its third component
I3, the supercharge Y , and the parity P . These quantum numbers are listed in
Table 2.
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Table 2. Quarks
Quarks m Q J B S Y I I3 P
u 3 2/3 ±1/2 1/3 0 1/3 1/2 +1/2 +1
d 7 −1/3 ±1/2 1/3 0 1/3 1/2 −1/2 +1
c 1200 2/3 ±1/2 1/3 0 1/3 0 0 +1
s 120 −1/3 ±1/2 1/3 -1 −2/3 0 0 +1
t 1.7× 105 2/3 ±1/2 1/3 0 1/3 0 0 +1
b 4300 −1/3 ±1/2 1/3 0 1/3 0 0 +1
u¯ 3 −2/3 ±1/2 −1/3 0 −1/3 1/2 −1/2 -1
d¯ 7 1/3 ±1/2 −1/3 0 −1/3 1/2 +1/2 -1
c¯ 1200 −2/3 ±1/2 −1/3 0 −1/3 0 0 -1
s¯ 120 1/3 ±1/2 −1/3 +1 2/3 0 0 -1
t¯ 1.7× 105 −2/3 ±1/2 −1/3 0 −1/3 0 0 -1
b¯ 4300 1/3 ±1/2 −1/3 0 −1/3 0 0 -1
16.3. Mediators. The standard model shows that associated with each interaction
is a class of mediators. Namely, there are four classes of mediators:
Gravitation: graviton gG,
Electromagnetism: photon γ,
Weak interaction: vector meson W±, Z0,
Strong interaction: gluons gk (1 ≤ k ≤ 8).
The quantum numbers of these mediators include the mass m, the charge Q, the
spin J , and the lifetime τ , listed in Table 3.
With the unified field theory developed in [17] and in Part 1 of this article, we
have obtained a natural duality between the interacting fields {gµν , Aµ,W aµ , Skµ}
and their dual field {ΦGµ , φE , φaw, φks}:
{gµν} ←→ ΦGµ ,
Aµ ←→ φE ,
{W aµ} ←→ {φaw},
{Skµ} ←→ {φks}.
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Table 3. Interaction Mediators
Interaction Mediator m Q J τ
Gravitation gG 0 0 2 ∞
Electromagnetic γ 0 0 1 ∞
W+ 8× 104 +1 1 3× 10−25
Weak W− 8× 104 -1 1 3× 10−25
Z0 9× 104 0 1 2.6× 10−25
Strong gk(1 ≤ k ≤ 8) 0 0 1 ∞
This duality leads to four classes of new dual bosonic mediators:
(16.1)
graviton gG ←→ vector boson ΦG,
photon γ ←→ scalar boson φγ ,
vector bosons W±, Z ←→ scalar bosons φ±W , φ0Z ,
gluons gk (1 ≤ k ≤ 8) ←→ scalar bosons φkg (1 ≤ k ≤ 8)
These dual mediators are crucial not only for the weak and strong potential/force
formulas given in the next section, but also for the weakton model introduced in
this article. In addition, the dual vector field ΦG gives rise to a unified theory for
dark matter and dark energy [15].
The quantum numbers of these dual mediators are given as follows:
(16.2)
ΦG : m = 0, J = 1, Q = 0, τ =∞,
φe : m = 0, J = 0, Q = 0, τ =∞,
φ±W (Higgs) : m ∼ 105, J = 0, Q = ±1, τ ∼ 10−21s,
φ0Z(Higgs) : m ∼ 1.25× 105, J = 0, Q = 0, τ ∼ 10−21s,
φkg : m =?, J = 0, Q = 0, τ =?.
16.4. Hadrons. Hadrons are classified into two types: baryons and mesons. Baryons
are fermions and mesons are bosons, which are all made up of quarks:
Baryons = qiqjqk, mesons = qiq¯j ,
where qk = {u, d, c, s, t, b}. The quark constituents of main hadrons are listed as
follows:
• Baryons (J = 12 ) : p, n,Λ,Σ±,Σ0,Ξ0,Ξ−.
(16.3)
p(uud), n(udd), Λ(s(du− ud)/
√
2),
Σ+(uus), Σ−(dds), Σ0(s(du+ ud)/
√
2),
Ξ−(uss), Ξ0(dss).
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• Baryons (J = 32 ) : ∆++,∆±,∆0,Σ∗±,Σ∗0,Ξ∗0,Ξ∗−,Ω−.
(16.4)
∆++(uuu), ∆+(uud), ∆−(ddd), ∆0(udd),
Σ∗+(uus), Σ∗−(dds), Σ∗0(uds),
Ξ∗0(uss), Ξ∗−(dss), Ω−(sss).
• Mesons (J = 0) : pi±, pi0,K±,K0, K¯0, η,
(16.5)
pi+(ud¯), pi−(u¯d), pi0((uu¯− dd¯)/
√
2),
K+(us¯), K−(u¯s), K0((ds¯), K¯0(d¯s),
η((uu¯+ dd¯− 2ss¯)/
√
6).
• Mesons (J = 1) : ρ±, ρ0,K∗±,K∗0, K¯∗0, ω, ψ,Υ,
(16.6)
ρ+(ud¯), ρ−(u¯d), ρ0((uu¯− dd¯)/
√
2),
K∗+(us¯), K∗−(u¯s), K∗0(d¯s), K¯∗0(d¯s),
ω((uu¯+ dd¯)/
√
2), ψ(cc¯), Υ(bb¯).
16.5. Principal decays. Decays are the main dynamic behavior for sub-atomic
particles, and reveal the interior structure of particles. We now list some principal
decay forms.
• Lepton decays:
µ− → e− + ν¯e + νµ,
µ+ → e+ + νe + ν¯µ,
τ− → e− + ν¯e + ντ ,
τ− → µ− + ν¯µ + ντ ,
τ− → pi− + ντ ,
τ− → ρ− + ντ ,
τ− → K− + ντ .
• Quark decays:
d→ u+ e− + ν¯e,
s→ u+ e− + ν¯e,
s→ d+ g + γ (g the gluons),
c→ d+ s¯+ u,
• Mediator decays:
2γ → e+ + e−, qq¯,
W+ → e+ + νe, µ+ + νµ, τ+ + ντ ,
W− → e− + ν¯e, µ− + ν¯µ, τ− + ν¯τ ,
Z0 → e+ + e−, µ+ + µ−, τ+ + τ−, qq¯.
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• Baryon decays:
n→ p+ e− + ν¯e,
Λ→ p+ pi−, n+ pi0,
Σ+ → p+ pi0, n+ pi+,
Σ0 → Λ + γ, Σ− → n+ pi−,
Ξ0 → Λ + pi0, Ξ− → Λ + pi−,
∆++ → p+ pi+, ∆+ → p+ pi0,
∆0 → n+ pi0, ∆− → n+ pi−,
Σ∗± → Σ± + pi0, Ξ∗0 → Σ0 + pi0,
Ξ∗0 → Ξ0 + pi0, Ξ∗− → Ξ− + pi0.
• Meson decays:
pi+ → µ+ + νµ, pi0 → 2γ,
pi− → µ− + ν¯µ,
K+ → µ+ + νµ, pi+ + pi0, pi+ + pi+ + pi−,
K− → µ− + ν¯µ, pi− + pi0, pi− + pi+ + pi−,
K0 → pi+ + e− + ν¯e, pi+ + pi−, pi+ + pi− + pi0,
η → 2γ, pi+ + pi− + pi0,
ρ± → pi0, ρ0 → pi+ + pi−,
K∗± → K± + pi0, K∗0 → K0 + pi0,
ω → pi0 + γ, pi+ + pi− + pi0,
ψ → e+ + e−, µ+ + µ−,
Υ→ e+ + e−, µ+ + µ−, τ+ + τ−.
17. Theoretical Foundations for the Weakton Model
17.1. Angular momentum rule. It is known that the dynamic behavior of a
particle is described by the Dirac equations:
(17.1) i~
∂ψ
∂t
= Hψ, ψ = (ψ1, ψ2, ψ3, ψ4)
T
where H is the Hamiltonian
(17.2) H = −i~c(αk∂k) +mc2α0 + V (x),
V is the potential energy, and α0, αk (1 ≤ k ≤ 3) are the Dirac matrices
α0 =

1 0
1
−1
0 −1
 , α1 =

0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0
 ,
α2 =

0 0 0 −i
0 0 i 0
0 −i 0 0
i 0 0 0
 , α3 =

0 0 1 0
0 0 0 −1
1 0 0 0
0 −1 0 0
 .
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By the conservation laws in relativistic quantum mechanics, if a Hermitian operator
L commutes with H in (17.2):
LH = HL,
then the physical quantity L is conservative.
Consider the total angular momentum ~J of a particle given by
~J = ~L+ s~~S,
where L is the orbital angular momentum
~L = ~r × ~p, ~p = −i~∇,
~S is the spin
~S = (S1, S2, S3), Sk =
(
σk 0
0 σk
)
,
and σk (1 ≤ k ≤ 3) are the Pauli matrices.
We know that for H in (17.2)
(17.3)
~J1/2 = ~L+
1
2
~~S commutes with H,
~Js = ~L+ s~~S does not commute with H for s 6= 1/2 in general.
Also, we know that
(17.4) s~~S commutes with H with straight line motion for any s.
The properties in (17.3) imply that only particles with spin s = 12 can make a
rotational motion in a center field with free moment of force. However, (17.4)
implies that the particles with s 6= 12 will move in a straight line, i.e. ~L = 0, unless
they are in a field with nonzero moment of force.
In summary, we have derived the following angular momentum rule for sub-
atomic particle motion, which is important for our weakton model established in
the next section.
Angular Momentum Rule: Only the fermions with spin s = 12 can rotate around
a center with zero moment of force. The particles with s 6= 12 will move on a straight
line unless there is a nonzero moment of force present.
For example, the particles bounded in a ball rotating around the center, as shown
in Figure 17.1, must be fermions with s = 12 .
A B
O
(a)
A
B
O
(b)
Figure 17.1. (a) Two particles A,B rotate around the center O;
(b) three particle A,B,C rotate around the center O.
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17.2. Mass generation mechanism. For a particle moving with velocity v, its
mass and energy E obey the Einstein relation
(17.5) E = mc2
/√
1− v
2
c2
.
Usually, we regard m as a static mass which is fixed, and energy E is a function of
velocity v.
Now, taking an opposite viewpoint, we regard energy E as fixed, and mass m is
a function of velocity v, i.e. the relation (17.5) is rewritten as
(17.6) m =
√
1− v
2
c2
E
c2
.
Thus, (17.6) means that a particle with an intrinsic energy E has zero mass m = 0
if it moves at the speed of light v = c, and will possess nonzero mass if it moves
with a velocity v < c. All particles including photons can only travel at the speed
sufficiently close to the speed of light. Based on this viewpoint, we can think that
if a particle moving at the speed of light (approximately) is decelerated by an
interaction field, obeying
d~P
dt
=
√
1− v
2
c2
~F ,
then this massless particle will generate mass at the instant. In particular, by this
mass generation mechanism, several massless particles can yield a massive particle
if they are bounded in a small ball, and rotate at velocities less than the speed of
light.
From this mass generation mechanism, we can also understand the neutrino os-
cillation phenomena. Experiments show that each of the three neutrinos νe, ντ , νµ
can transform from one to another, although the experiments illustrate that neu-
trinos propagate at the speed of light. This oscillation means that they generate
masses at the instant of transformation. This can be viewed as the neutrinos decel-
erate at the instant when they undergo the transformation/oscillation, generating
instantaneous masses, and after the transformation, they return to the usual dy-
namic behavior–moving at the speed of light with zero masses. In other words, by
the mass generation mechanism, we can assert that neutrinos have no static masses,
and their oscillations give rise to instantaneous masses.
17.3. Interaction charges. In the unified field model developed in [17] and in
Part 1 of this article, we derived that both weak and strong interactions possess
charges, as for gravity and electromagnetism:
(17.7)
gravitation: mass charge m
electromagnetism: electric charge e,
weak interaction: weak charge gw,
strong interaction: strong charge gs.
If Φ is a charge potential corresponding to an interaction, then the interacting force
generated by its charge C is given by
(17.8) F = −C∇Φ,
where ∇ is the spatial gradient operator.
The charges in (17.7) possess the physical properties:
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1) Electric charges Qe, weak charges Qw, strong charges Qs are conservative.
The energy is a conserved quantity, but the mass M is not a conserved
quantity due to the mass generation mechanism as mentioned earlier.
2) There is no interacting force between two particles without common charges.
For example, if a particle A possesses no strong charge, then there is no
strong interacting force between A and any other particles.
3) Only the electric charge Qe can take both positive and negative values, and
other charges can take only nonnegative values.
4) Only the mass charge is continuous, and the others are discrete, taking
discrete values.
5) We emphasize that the continuity of mass is the main obstruction for quan-
tizing the gravitational field, and it might be essential that gravity cannot
be quantized.
17.4. Strong interaction potentials. Three levels of strong interacting poten-
tials are derived in Part 1 of this article using the field equations, and they are called
the quark potential Sq, the hadron potential Sh, and the atom/molecule potential
Sa:
Sq = gs
[
1
r
− Bk
2
0
ρ0
e−k0rϕ(r)
]
,(17.9)
Sh = N0
(
ρ0
ρ1
)3
gs
[
1
r
− B1
ρ1
k21e
−k1rϕ(r)
]
,(17.10)
Sa = 3N1
(
ρ0
ρ1
)3(
ρ1
ρ2
)3
gs
[
1
r
− B1
ρ2
k21e
−k1rϕ(r)
]
,(17.11)
where N0 is the number of quarks in hadrons, N1 is the number of nucleons in an
atom/molecule, gs is the strong charge, B and B1 are constants, ρ0 is the effective
quark radius, ρ1 is the radius of a hadron, ρ2 is the radius of an atom/molecule,
and
k0 ∼= 1013cm−1, k1 ∼= 1016cm−1.
It is natural to approximately take
(17.12) ρ0 ∼= 10−21cm, ρ1 ∼= 10−16cm, ρ2 ∼= 10−8cm.
The function ϕ(r) in (17.9)-(17.11) is a power series, approximately given by
ϕ(r) =
r
2
+ o(r).
Formula (17.9) and (17.10) lead to the following conclusions for quarks and
hadrons:
1) Based on (17.7), it follows from (17.9) that the quark interacting force F
has the properties
(17.13) F
 > 0 for 0 < r < R0= 0 for r = R0,
< 0 for R0 < r < ρ1,
where R0 is the quark repelling radius, ρ1 is the radius of a hadron as
in (17.12). Namely, in the region r < R0 the strong interacting force
between quarks is repelling, and in the annulus R0 < r < ρ1, the quarks
are attracting, as shown in Figure 17.2.
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R0
attracting annulus
ρ1
repelling ball
Figure 17.2. In the ball r < R0 quark strong force is repelling,
and in the annulus R0 < r < ρ1 quark strong force is attracting.
2) In the attracting annulus R0 < r < ρ1 as shown in Figure 17.2, the binding
energy of quarks is in the Planck level, which explains the quark confine-
ment; see Part 1 for details.
3) For hadrons, the strong interacting force is determined by (17.10), which
implies that
(17.14) F =
{
> 0 for r < R1,
< 0 for R1 < r < R2,
where R1 is the hadron repelling radius, R2 is the attracting radius, with
values given by
(17.15) R1 =
1
2
× 10−13cm, R2 = 4× 10−12cm.
Namely the strong interacting force between hadrons is repelling in the
ball r < R1, and attracting in the annulus R1 < r < R2. In particular the
repelling force tends infinite as r → 0:
(17.16) F = +∞ as r → 0,
which means that there is a large repelling force acting on two very close
hadrons.
These properties will be used to explain the strong interacting decays as well.
17.5. Weak interaction potentials. Two weak interaction potential formulas
can also be derived by the unified field equations in Part 1. The weakton potential
Φ0w and the weak interacting potentials Φ
1
w for any particle with weak charge,
including leptons, quarks and mediators, as well as the weaktons introduced in the
next section, are written as
Φ0w =
(
ρ0
ρw
)3
gwe
−k1r
(
1
r
− ψ1(r)e−k0r
)
,(17.17)
Φ1w = gwe
−k1r
(
1
r
− ψ2(r)e−k0r
)
,(17.18)
where gw is the weak charge, ρ0 is the radius of the charged leptons, the quarks
and the mediators, ρw is the weakton radius,
k0 ∼= 1016cm−1, k1 ∼= 2× 1016cm−1,
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and ψ1, ψ2 are two power series:
ψ1(r) = α1 + β1(r − ρ0) + o(|r − ρ0|),
ψ2(r) = α2 + β2(r − ρ0) + o(|r − ρ0|).
Here α1, β1, α2, β2 are the initial values of a system of second order ordinary differ-
ential equations satisfied by ψ1 and ψ2, and they are determined by the physical
conditions or experiments.
We remark that (17.18) was derived in Part 1, and (17.17) can be derived in
the same fashion as the three level of strong interaction potentials (17.9)–(17.11)
in Part 1.
Based on physical facts, phenomenologically we take ρ0, ρw, α1, α2, β1, β2 as
(17.19)
ρw ∼= 10−26cm, ρ0 ∼= 10−21cm, ρ1 ∼= 10−16cm,
α1 ∼= 2
ρ0
, α2 =
1
ρ1
, β1 = 0, β2 > 0.
The potentials (17.17) and (17.18) imply following assertions:
1) Weaktons are confined in the interior of charged leptons, quarks and medi-
ators. In fact, the bound energy of the weaktons has the level
E = gwΦ
0
w(ρ0)
∼= − 1
ρ0
(
ρ0
ρw
)3
g2w = −1036g2w/cm.
By the Standard Model,
(17.20) g2w =
8√
2
Gf
(mwc
~
)2
= 10−1~c.
Hence the bound energy is
E = −1035~c/cm = −1021GeV.
This is the Planck level, to sufficiently confine the weaktons in their com-
posite particles.
2) By (17.17) and (17.19), for the weak interacting force F0 between weaktons,
we have
(17.21) F0
{
> 0 for 0 < r < 12ρ0,
< 0 for 12ρ0 < r < ρ1,
where ρ0, ρ1 are as in (17.12).
3) By (17.18) and (17.19), for the weak interacting force F1 of a composite
particle, we have
(17.22) F1
{
> 0 for 0 < r < ρ1,
< 0 for ρ1 < r < ρ2.
Hence the weak force is repelling if the particles are in the ρ1-ball, and is
attracting if they are in the annulus ρ1 < r < ρ2.
4) F0 and F1 tend to infinite as r → 0:
F0, F1 → +∞ as r → 0.
Namely, the weak interacting force between two very close particles is large
and repelling.
We shall see that these properties of the weak interacting force are crucial for
the weakton model presented in the next few sections.
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18. Weakton Model of Elementary Particles
18.1. Decay means the interior structure. From Section 16.5, it is clear that
all charged leptons, quarks and mediators can undergo decay as follows:
• Charged lepton decay:
(18.1)
e− → e− + γ,
µ− → e− + ν¯e + νµ,
τ− → µ− + ν¯µ + ντ .
• Quark decay:
(18.2)
d → u+ e− + ν¯e,
s → d+ g + γ,
c → d+ s¯+ u.
• Mediator decay:
(18.3)
2γ → e+ + e−,
W± → l± + ν¯l± ,
Z0 → l+ + l−.
All leptons, quarks and mediators are currently regarded as elementary particles.
However, the decays in (18.1)-(18.3) show that these particles must have interior
structure, and consequently they should be considered as composite particles rather
than elementary particles:
Decay Means Interior Structure.
18.2. Weaktons and their quantum numbers. The above observation on the
interior structure of quarks, charged leptons and mediators leads us to propose a
set of elementary particles, which we call weaktons. These are massless, spin- 12
particles with one unit of weak charge gw.
The introduction of weaktons is based on the following theories and observational
facts:
(a) the interior structure of charged leptons, quarks and mediators demon-
strated by the decays of these particles as shown in (18.1)-(18.3),
(b) the new quantum numbers of weak charge gw and strong charge gs intro-
duced in (17.7),
(c) the mass generating mechanism presented in Section 17.2, and
(d) the weakton confinement theory given by the weak interacting potentials
(17.17).
The weaktons consist of 6 elementary particles and their antiparticles, total 12
particles:
(18.4)
w∗, w1, w2, νe, νµ, ντ ,
w¯∗, w¯1, w¯2, ν¯e, ν¯µ, ν¯τ ,
where νe, νµ, ντ are the three generation neutrinos, and w
∗, w1, w2 are three new
elementary particles, which we call w-weaktons.
These weaktons are endowed with the quantum numbers: electric charge Qe,
weak charge gw, strong charge gs, weak color charge Qc, baryon number B, lepton
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Table 4. Weakton quantum numbers
Weakton Qe gw gs Qc B Le Lµ Lτ J m
w∗ +2/3 1 1 0 1/3 0 0 0 ±1/2 0
w1 −1/3 1 0 1 0 0 0 0 ±1/2 0
w2 −2/3 1 0 -1 0 0 0 0 ±1/2 0
νe 0 1 0 0 0 1 0 0 −1/2 0
νµ 0 1 0 0 0 0 1 0 −1/2 0
ντ 0 1 0 0 0 0 0 1 −1/2 0
numbers Le, Lµ, Lτ , spin J , and mass m. The quantum numbers of weaktons are
listed in Table 4.
A few remarks are now in order.
Remark 18.1. The quantum numbers Qe, Qc, B, Le, Lµ, Lτ have opposite signs
and gw, gs,m have the same values for the weaktons and antiweaktons. The neu-
trinos νe, νµ, ντ possess left-hand helicity with spin J = − 12 , and the antineutrinos
possess right-hand helicity with spin J = 12 .
Remark 18.2. The weak color charge Qc is a new quantum number introduced
for the weaktons only, which will be used to rule out some unrealistic combinations
of weaktons.
Remark 18.3. Since each composite particle contains at most one w∗ particle,
there is no strong interaction between the constituent weaktons of a composite
particle. Therefore, for the weaktons (18.4), there is no need to introduce the
classical strong interaction quantum numbers as strange number S, isospin (I, I3)
and parity P .
Remark 18.4. It is known that the quark model is based on the SU(3) irreducible
representations:
Meson = 3⊗ 3 = 8⊕ 1,
Baryon = 3⊗ 3⊗ 3 = 10⊕ 8⊕ 8⊕ 1.
The weakton model is based on the aforementioned theories and observational facts
(a)–(d), different from the quark model.
18.3. Weakton constituents. In this section we give the weakton compositions
of charged leptons, quarks and mediators as follows.
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Charged leptons and quarks. The weakton constituents of charged leptons
and quarks are given by
(18.5)
e = νew1w2, µ = νµw1w2, τ = ντw1w2,
u = w∗w1w¯1, c = w∗w2w¯2, t = w∗w2w¯2,
d = w∗w1w2, s = w∗w1w2, b = w∗w1w2,
where c, t and d, s, b are distinguished by the spin arrangements. We suppose that
(18.6)
u = w∗w1w¯1(↓,↑, ↑↓↑, ↓↑↓),
c = w∗w2w¯2(↓,↑),
t = w∗w2w¯2(↑↓↑, ↓↑↓),
and
d = w∗w1w2(↓, ↓↓↑),
s = w∗w1w2(↑, ↓),(18.7)
b = w∗w1w2(↑↓↑, ↓↑↓).
Mediators. The duality between mediators given in (16.1) plays an important
role in the weakton model. In fact, the mediators in the classical interaction theory
have spin J = 1 (graviton has spin J = 2), and are apparently not complete. The
unified field theory in [17] and in Part 1 of this article leads to complement mediators
with spin J = 0 (graviton dual particle is J = 1). Thus, the spin arrangements of
weaktons in the mediators become perfectly reasonable.
For convenience, we only write the dual relation for the mediators of electromag-
netism, weak interaction, and strong interaction in the following:
(18.8)
J = 1 J = 0
photon γ ↔ electro-dual boson φγ ,
vector bosons W±, Z ↔ weak-dual bosons φ±W , φ0Z ,
gluons gk (1 ≤ k ≤ 8) ↔ strong-dual bosons φkg .
In view of this duality, we propose the constituents of the mediators as follows:
γ = cos θww1w¯1 − sin θww2w¯2 (,),
Z0 = cos θww2w¯2 + sin θww1w¯1 (,),
W− = w1w2(,),(18.9)
W+ = w¯1w¯2(,),
gk = w∗w¯∗(,), k = color index,
and the dual bosons:
φγ = cos θww1w¯1 − sin θww2w¯2(↑↓, ↓↑),
φ0Z = cos θww2w¯2 + sin θww1w¯1(↑↓, ↓↑),
φ−W = w1w2(↑↓, ↓↑),(18.10)
φ+W = w¯1w¯2(↑↓, ↓↑),
φkg = w
∗w¯∗(↑↓, ↓↑),
where θw ∼= 28.76◦ is the Weinberg angle. Here φ0Z corresponds to the Higgs
particle in the standard model, found in LHC. As all the dual mediators in our
theory have the same constituents as the classical mediators, distinguished by spin
90 MA AND WANG
arrangements, each mediator and its dual should possess masses in the same level
with slight difference, as evidence by the masses of Z0 and φ0Z .
Remark 18.5. The reason why we take γ, Z0 and their dualities φγ , φ
0
Z as the
linear combinations in (18.9) and (18.10) is that by the Weinberg-Salam electroweak
theory, the U(1)× SU(2) gauge potentials are
Zµ = cos θwW
3
µ + sin θwBµ,
Aµ = − sin θwW 3µ + cos θwBµ
sin2 θw = 0.23.
Here Aµ, Zµ represent γ and Z
0.
The ν-mediator. Now the neutrino pairs
(18.11) νeν¯e, νµν¯µ, ντ ν¯τ (↓↑)
have not been discovered, and it should be a mediator. Due to the neutrino oscil-
lations, the three pairs in (18.11) should be indistinguishable. Hence, they will be
regarded as a particle, i.e. their linear combination
(18.12) φ0ν =
∑
l
αlνlν¯l(↓↑),
∑
l
α2l = 1,
is an additional mediator, and we call it the ν-mediator. We believe that φ0ν is an
independent new mediator.
18.4. Weakton confinement and mass generation. Since the weaktons are
assumed to be massless, we have to explain the mass generation mechanism for
the massive composite particles, including the charged leptons e, τ, µ, the quarks
u, d, s, c, t, b, and the vector bosons W±, Z0, φ±W , φ
0
Z .
The weakton confinement derived in Section 17.5 and the mass generation mech-
anism in Section 17.3 can help us to understand why no free w∗, w1, w2 are found
and to explain the mass generation of the composite particles.
First, by the infinite bound energy (Planck level), the weaktons can form triplets
confined in the interiors of charged leptons and quarks as (18.5), and doublets
confined in mediators as (18.9)-(18.10) and (18.12). They cannot be opened unless
the exchange of weaktons between the composite particles. Single neutrinos νe, νµ
and ντ can be detected, because in the weakton exchange process there appear pairs
of different types of neutrinos such as νe and ν¯µ, and between which the governing
weak force is given by (17.18), and is repelling as shown in (17.22).
Second, for the mass problem, we know that the mediators
(18.13) γ, φγ , g
k, φkg , φ
0
ν ,
have no masses. To explain this, we note that the particles in (18.13) consist of
pairs
(18.14) w1w¯1, w2w¯2, w
∗w¯∗, νlν¯l.
The weakton pairs in (18.14) are bound in a circle with radius R0 as shown in
Figure 18.1. Since the interacting force on each weakton pair is in the direction
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of their connecting line, they rotate around the center O without resistance. As
~F = 0, by the relativistic motion law:
(18.15)
d
dt
~P =
√
1− v
2
c2
~F ,
the massless weaktons rotate at the speed of light. 2 Hence, the composite particles
formed by the weakton pairs in (18.14) have no rest mass.
ω¯ω
O
Figure 18.1.
Third, for the massive particles
(18.16) e, µ, τ, u, d, s, c, t, b,
by (18.5), they are made up of weakton triplets with different electric charges.
Hence the weakton triplets are not arranged in an equilateral triangle as shown
in Figure 17.1 (b), and in fact are arranged in an irregular triangle as shown in
Figure 18.2. Consequently, the weakton triplets rotate with nonzero interacting
forces F 6= 0 from the weak and electromagnetic interactions. By (18.15), the
weaktons in the triplets move at a speed less than the speed of light. Thus, by
the mass generating mechanism, the weaktons possess mass present. Hence, the
particles in (18.16) are massive.
ω′2
ω′1
ω′3
Figure 18.2.
Finally, we need to explain the masses for the massive mediators:
W±, Z0, φ±W , φ
0
Z .(18.17)
Actually, in the next weakton exchange theory, we can see that the particles in
(18.14) are some transition states in the weakton exchange procedure. At the
moment of exchange, the weaktons in (18.17) are at a speed v (v < c). Hence, the
2In fact, a better way to interpret (18.15) is to take a point of view that no particles are
moving at exactly the speed of light. For example, photons are moving at a speed smaller than,
but sufficiently close to, the speed of light.
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particles in (18.17) are massive. Here we remark that the dual mediator φ0Z is the
Higgs particle found in LHC.
18.5. Quantum rules for weaktons. By carefully examining the quantum num-
bers of weaktons, the composite particles in (18.5), (18.9), (18.10) and (18.12) are
well-defined.
In Section 18.4, we solved the free weakton problem and the mass problem. In
this section, we propose a few rules to solve some remainder problems.
1). Weak color neutral rule. All composite particles by weaktons must be
weak color neutral.
Based on this rule, there are many combinations of weaktons are ruled out. For
example, it is clear that there are no particles corresponding to the following www
and ww combinations, as they all violate the weak color neutral rule:
νew2w2, w
∗w1w1, w∗w1w¯2, etc., νew1, w∗w1, w∗w2, etc.
2). BL = 0, LiLj = 0 (i 6= j).
The following combinations of weaktons
(18.18) w∗ν, νiνj , νiν¯k (i 6= k), νk = νe, νµ, ντ .
are not observed in Nature, and to rule out these combinations, we postulate the
following rule:
(18.19) BL = 0, LiLj = 0 (i 6= j), Li = Le, Lµ, Lτ ,
where B,L are the baryon number and the lepton number.
3). L+Qe = 0 if L 6= 0 and |B +Qe| ≤ 1 if B 6= 0.
The following combinations of weaktons
(18.20) νw1w¯1, νw2w¯2, ν¯w1w2, w
∗w∗ etc
cannot be found in Nature. It means the lepton number L, baryon number B, and
electric charge Qe obey
(18.21) L+Qe = 0 if L 6= 0 and |B +Qe| ≤ 1 if B 6= 0.
Thus (18.20) are ruled out by (18.21).
4). Spin selection.
In reality, there are no weakton composites with spin J = 32 as
(18.22) w∗w1w¯1(↑↑↑, ↓↓↓), w∗w2w¯2(↑↑↑, ↓↓↓), w∗w1w2(↑↑↑, ↓↓↓)
and as
(18.23) νw1w2(↑↑↑, ↓↓↓).
The cases (18.22) are excluded by the Angular Momentum Rule in Section 17.1.
The reasons for this exclusion are two-fold. First, the composite particles in (18.22)
carries one strong charge, and consequently, will be confined in a small ball by the
strong interaction potential (17.9), as shown in Figure 17.1 (b). Second, due to the
uncertainty principle, the bounding particles will rotate, at high speed with almost
zero moment of force, which must be excluded for composite particles with J 6= 12
based on the angular momentum rule.
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The exclusion for (18.23) is based on the observation that by the left-hand helicity
of neutrinos with spin J = − 12 , one of w1 and w2 must be in the state with J = + 12
to combine with ν, i.e. in the manner as
νww(↓, ↓↑↓).
In summary, under the above rules 1)-4), only the weakton constitutions in
(18.5), (18.9), (18.10) and (18.12) are allowed.
5). Eight quantum states of gluons.
It is known that the gluons have eight quantum states
gk : g1, · · · , g8.
In (18.9), gk have the form
w∗w¯∗(,).
According to QCD, quarks have three colors
red (r), green (g),blue (b),
and anti-colors r¯, g¯, b¯. They obey the following rules
(18.24)
bb¯ = rr¯ = gg¯ = w(white),
br¯ = g, rb¯ = g¯,
bg¯ = r, gb¯ = r¯,
rg¯ = b, gr¯ = b¯,
rr = r¯, bb = b¯, gg = g¯,
rb = g, rg = b, gb = r.
Based on (18.5), w∗ is endowed with three colors
w∗b , w
∗
r , w
∗
g .
Thus, by (18.24) we give the eight gluons as
g1 = (w∗w¯∗)w, g2 = w∗b w¯
∗
r , g
3 = w∗b w¯
∗
g , g
4 = w∗r w¯
∗
g ,(18.25)
g5 = (w∗w¯∗)w, g6 = w∗r w¯
∗
b , g
7 = w∗gw¯
∗
b , g
8 = w∗gw¯
∗
r ,(18.26)
where (w∗w¯∗)w is a linear combination of w∗b w¯
∗
b , w
∗
r w¯
∗
r , w
∗
gw¯
∗
g . Namely, the gluons
in (18.26) are the antiparticles of those in (18.25).
In summary, all of the most basic problems in the weakton model have a reason-
able explanation.
19. Mechanism of Sub-atomic Decays
19.1. Weakton exchanges. We conclude that all particle decays are caused by
exchanging weaktons. The exchanges occur between composite particles as media-
tors, charged leptons, and quarks.
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19.1.1. Weakton exchange in mediators. First we consider one of the most impor-
tant decay processes in particle physics, the electron-positron pair creation and
annihilation:
(19.1)
2γ → e+ + e−,
e+ + e− → 2γ.
In fact, the reaction formulas in (19.1) are not complete, and the correct formulas
should be as follows
(19.2) 2γ + φ0ν  e+ + e−.
Note that the weakton component of γ is as
(19.3) γ = cos θww1w¯1 − sin θww2w¯2,
which means that the probability of the photon γ at the state w1w¯1 is cos
2 θw, and
its probability at the state −w2w¯2 is sin2 θw. Namely, for photons, the densities
of the w1w¯1() and −w2w¯2() particle states are cos2 θw and sin2 θw. Hence, the
formula (19.2) can be written as
(19.4) w1w¯1() + w2w¯2() + νeν¯e(↓↑)  νew1w2(↓↑↓) + ν¯ew¯1w¯2(↓).
It is then clear to see from (19.4) that the weakton constituents w1, w¯1, w2, w¯2, νe, ν¯e
can regroup due to the weak interaction, and we call this process weakton exchange.
The mechanism of this exchanging process can be explained using the weak inter-
acting potentials (17.17) and (17.18).
The potential formula (17.17) means that each composite particle has an ex-
change radius R, which satisfies
(19.5) r0 < R < ρ1,
where r0 is the radius of this particle and ρ1 is the radius as in (17.21). As two
composite particles A and B are in a distance less than their common exchange
radius, there is a probability for the weaktons in A and B to recombine and form
new particles. Then, after the new particles have been formed, in the exchange
radius R, the weak interacting forces between them are governed by (17.22) which
are repelling, and then drive them apart.
For example, to see how the weaktons in (19.4) undergo the exchange process in
Figure 19.1. When the randomly moving photons and ν-mediators, i.e. w1w¯1, w2w¯2
and νeν¯e, come into their exchange balls, they recombine to form an electron νew1w2
and a positron ν¯ew¯1w¯2, and then the weak repelling force pushes them apart, leading
to the decay process (19.2). We remark here that in this range the weak repelling
force is stronger than the Coulomb force. In fact, by (17.20), g2w = 10
−1~c and the
electric charge square e2 = 1/137~c. Hence, the weak repelling force between e−
and e+ in Figure 19.1 is (3gw)
2/r2, stronger than e2/r2.
19.1.2. Weakton exchanges between leptons and mediators. The µ-decay reaction
formula is given by
(19.6) µ− → e− + ν¯e + νµ.
The complete formula for (19.6) is
µ− + φν → e− + ν¯e + νµ,
which is expressed in the weakton components as
(19.7) νµw1w2 + νeν¯e −→ νew1w2 + ν¯e + νµ.
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Figure 19.1. ⊗,	,⊕,, •, represent w1, w¯1, w2, w¯2, νe, ν¯e.
By the rule LeLµ = 0, the µ neutrino νµ and the e antineutrino ν¯e can not be
combined to form a particle. Hence, ν¯e and νµ appear as independent particles,
leading to the exchange of νµ and νe as shown in (19.7).
19.1.3. Weakton exchanges between quarks and mediators. The d-quark decay in
(18.2) is written as
(19.8) d→ u+ e− + ν¯e.
The correct formula for (19.8) is
d+ γ + φν → u+ e− + ν¯e,
which, in the weakton components, is given by
(19.9) w∗w1w2 + w1w¯1 + νeν¯e → w∗w1w¯1 + νew1w2 + ν¯e,
In (19.9), the weakton pair w2 and w¯1 is exchanged, and νe is captured by the new
doublet w1w2 to form an electron νew1w2.
19.2. Conservation laws. The weakton exchanges must obey some conservation
laws, which are listed in the following.
19.2.1. Conservation of weakton numbers. The total weaktons given in (18.4) are
elementary particles, which cannot undergo any decay. Also, the w-weaktons cannot
be converted between each other. Although the neutrino oscillation converts one
type of neutrino to another, at the moment of a particle decay, the neutrino number
is conserved, i.e. the lepton numbers Le, Lµ, Lτ are conserved.
Therefore, for any particle reaction:
(19.10) A1 + · · ·+An = B1 + · · ·+Bm,
the number of each weakton type is invariant. Namely, for any type of weakton w˜,
its number is conserved in (19.10):
NAw˜ = N
B
w˜ ,
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where NAw˜ and N
B
w˜ are the numbers of the w˜ weaktons in two sides of (19.10).
19.2.2. Spin conservation. The spin of each weakton is invariant. The conservation
of weakton numbers implies that the spin is also conserved:
JA1 + · · ·+ JAn = JB1 + · · ·+ JBm ,
where JA is the spin of particle A.
In classical particle theories, the spin is not considered as a conserved quantity.
The reason for the non-conservation of spin is due to the incompleteness of the reac-
tion formulas given in Section 16.5. Hence spin conservation can also be considered
as an evidence for the incompleteness of those decay formulas. The incomplete
decay interaction formulas can be made complete by supplementing some massless
mediators, so that the spin becomes a conserved quantum number.
19.2.3. Other conservative quantum numbers. From the invariance of weakton num-
bers, we derive immediately the following conserved quantum numbers:
electric charge Qe, weak charge Qw, strong charge Qs,
baryon number B, lepton numbers Le, Lµ, Lτ .
19.3. Decay types. In particle physics, the reactions as in Section 16.5 are clas-
sified into two types: the weak interacting type and the strong interacting type.
However there is no clear definition to distinguish them. Usual methods are by
experiments to determine reacting intensity, i.e. the transition probability Γ. In
general, the classification is derived based on
Weak type: i) presence of leptons in the reactions,
ii) change of strange numbers,
Strong type: otherwise.
With the weakton model, all decays are carried out by exchanging weaktons.
Hence decay types can be fully classified into three types: the weak type, the
strong type, and the mixed type, based on the type of forces acting on the final
particles after the weakton exchange process.
For example, the reactions
(19.11)
νµ + e
− → µ− + νe,
n → p+ e− + ν¯e,
pi0 → 2γ,
are weak decays,
(19.12) ∆++ → p+ + pi+
is a strong decay, and
(19.13) Λ→ p+ + pi−(i.e. Λ + g + 2γ + φγ → p+ + pi− + γ)
is a mixed decay.
In view of (19.11)-(19.13), the final particles contain at most one hadron in a
weak decay, contain no leptons and no mediators in a strong decay, and contain at
UNIFIED FIELD THEORY AND PRINCIPLE OF REPRESENTATION INVARIANCE 97
least two hadrons and a lepton or a mediator in a mixed decay. Namely, we derive
the criteria based on the final particle content:
Weak Decay: at most one hadron,
Strong Decay: no leptons and no mediators,
Mixed Decay: otherwise.
19.4. Weak decays. Decays and scatterings are caused by weakton exchanges.
The massless mediators
(19.14) γ, φγ , g, φg (g the gluons), φν
spread over the space in various energy levels, and most of them are at low energy
states. It is these random mediators in (19.14) entering the exchange radius of
matter particles that generate decays. In the following we shall discuss a few
typical weak decays.
19.4.1. νµe
− → νeµ− scattering. First we consider the scattering
νµ + e
− → µ− + νe,
which is rewritten in the weakton components as
(19.15) νµ + νew1w2 → νµw1w2 + νe.
Replacing the Feynman diagram, we describe the scattering (19.15) using Fig-
ure 19.2. It is clear that the scattering (19.15) is achieved by exchanging weaktons
νµ and νe.
νe
w1 w2
νµ νe
w1 w2
νµ
w1 w2
νe
νµ
Figure 19.2. νµe
− → µ−νe scattering.
19.4.2. β-decay. Consider the classical β-decay process
(19.16) n→ p+ e− + ν¯e.
With the quark constituents of n and p
n = udd, p = uud,
the β-decay (19.16) is equivalent to the following d-quark decay:
(19.17) d→ u+ e− + ν¯e,
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whose complete form should be given by
w∗w1w2(d) + νeν¯e(φν) + w1w¯1(γ)→ w∗w1w¯1(u) + w1w2(W−) + νeν¯e(φν)
(19.18)
→ w∗w1w¯1(u) + νew1w2(e−) + ν¯e.
In the β decay (19.18), w2 and w¯1 in d quark and photon γ have been exchanged
to form u quark and charged vector boson W−, then W− captures a νe from φν to
yield an electron e− and a ν¯e.
19.4.3. Quark pair creations. Consider
g + φγ + γ −→ u+ u¯,
φg + 2φγ −→ d+ d¯.
They are rewritten in the weakton constituent forms as
w∗w¯∗  (g) + w1w¯1 ↓↑ (φγ) + w1w¯1  (γ)(19.19)
−→ w∗w1w¯1 ↑↓↑ (u) + w¯∗w1w¯1 ↑ (u¯),
w∗w¯∗ ↑↓ (φg) + w1w¯1 ↑↓ (φγ) + w2w¯2 ↓↑ (φγ)(19.20)
−→ w∗w1w2 ↓ (d) + w¯∗w¯1w¯2 ↑ (d¯).
In (19.19), w∗ and w¯∗ in a gluon are captured by a γ-dual mediator φγ and a photon
γ to create a pair u and u¯. In (19.20), w¯1 and w2 in two φγ are exchanged to form
φ±W (charged Higgs), then φ
+
W and φ
−
W capture w
∗ and w¯∗ respectively to create a
pair d and d¯.
19.4.4. Lepton decays. The lepton decays
µ− + φν → e− + ν¯e + νµ,
τ− + φν → µ− + ν¯µ + ντ .
are rewritten in the weakton constituents as
(19.21)
νµw1w2 + νeν¯e → νew1w2 + ν¯e + νµ,
ντw1w2 + νµν¯µ → νµw1w2 + ν¯µ + ντ .
Here the neutrino exchanges form leptons in the lower energy states and a pair
of neutrino and antineutrino with different lepton numbers. By the rule LiLj = 0
(i 6= j) in Section 18.5, the generated neutrino and antineutrino cannot be combined
together, and are separated by the weak repelling force in (17.22). The decay
diagram is shown by Figure 19.3.
19.5. Strong and mixed decays.
19.5.1. Strong decays. Consider the following types of decays:
∆++ −→ p+ pi+.
The complete decay process should be
(19.22) ∆++ + φg + 2φγ −→ p+ pi+.
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νi
-
Figure 19.3. νi 6= νj , νi = νe, νµ, ντ .
It is clear that the final particles are the proton and charged pi meson pi+. Hence
(19.22) is a strong type of decays. Recalling the weakton constituents, (19.22) is
rewritten as
3w∗w1w¯1(∆++) + w∗w¯∗(φg) + w1w¯1 + w2w¯2(φγ)(19.23)
−→ (2w∗w1w¯1)(w∗w1w2)(p) + (w∗w1w¯1)(w¯∗w¯1w¯2)(pi+).
The reaction process in (19.23) consists of two steps:
weakton exchanges: φg + 2φγ −→ d+ d¯,(19.24)
quark exchanges: uuu+ dd¯ −→ uud+ ud¯.(19.25)
The exchange mechanism of (19.24) was discussed in (19.21), which is a weak
interaction, and the quark exchange (19.25) is a strong interaction.
Let us discuss the D0 decay, which is considered as the weak interacting type in
the classical theory. But in our classification it belongs to strong type of interac-
tions. The D0 decay is written as
D0 −→ K− + pi+.
The complete formula is
(19.26) D0 + g + 2γ −→ K− + pi+.
The weakton constituents of this decay is given by
(w∗w2w¯2)(w¯∗w¯1w1)(cu¯) + w∗w¯∗(g) + 2w1w¯1(γ)(19.27)
−→ (w∗w1w2)(w¯∗w¯1w1)(su¯) + (w∗w1w¯1)(w¯∗w¯1w¯2)(ud¯).
This reaction is due to the c-quark decay
c+ g + 2γ → s+ u+ d¯,
which is given in the weakton constituent form as
w∗w2w¯2(c) + w∗w¯∗(g) + 2w1w¯1(γ)(19.28)
−→ w∗w1w2(s) + w∗w1w¯1(u) + w¯∗w¯1w¯2(d¯).
The reaction (5.28) consists of two exchange processes:
w∗w2w¯2(c) + w1w¯1(γ)→ w∗w1w2(s) + w¯1w¯2(W−),(19.29)
w¯1w¯2(W
−) + w1w¯1(γ) + w∗w¯∗(g)→ w∗w1w¯1(u) + w¯∗w¯1w¯2(d¯).(19.30)
100 MA AND WANG
It is clear that both exchanges here belong to weak interactions. However, the final
particles of the D0 decay are K− and pi+, which are separated by the strong hadron
repelling force.
19.5.2. Mixed decays. We only consider the Λ decay:
(19.31) Λ→ p+ pi−.
The correct form of this decay should be
(19.32) Λ + g + 2γ + φγ → p+ pi− + φγ .
There are three exchange procedures in (19.32):
g + γ + φγ → u+ u¯,(19.33)
s+ γ → d+ φγ , (uds+ γ → udd+ φγ)(19.34)
udd(n) + uu¯→ uud(p) + ud¯(pi−).(19.35)
The procedure (19.33) was described by (19.20), the quark exchange process (19.35)
is clear, and (19.34) is the conversion from s quark to d quark, described by
w∗w1w2 ↑↓↓ (s) + w1w¯1 ↑↑ (γ) −→ w∗w1w2 ↑↑↓ (d) + w1w¯1 ↓↑ (φγ).(19.36)
Namely, (19.36) is an exchange of two w1 with reverse spins.
20. Electron Radiations
20.1. Electron structure. The weakton constituents of an electron are νew1w2,
which rotate as shown in Figure 18.2. Noting that
electric charge: Qνe = 0, Q
w1
e = −
1
3
, Qw2e = −
2
3
,
weak charge: Qνw = 1, Q
w1
w = 1, Q
w2
w = 1,
we see that the distribution of weaktons νe, w1 and w2 in an electron is in an irreg-
ular triangle due to the asymptotic forces on the weaktons by the electramagnetic
and weak interactions, as shown in Figure 20.1.
ρ
Figure 20.1. Electron structure.
UNIFIED FIELD THEORY AND PRINCIPLE OF REPRESENTATION INVARIANCE 101
In addition, by the weak force formula (17.22), there is an attracting shell region
of weak force:
(20.1) ρ1 < r < ρ2, ρ1 = 10
−16 cm
with small weak force. Outside this region, the weak force is repelling:
(20.2) Fw > 0 for r < ρ1 and r > ρ2.
Since the mediators γ, φγ , g, φg and φν contain two weak charges 2gw, they are
attached to the electron in the attracting shell region (20.1), forming a cloud of me-
diators. The irregular triangle distribution of the weaktons νe, w1 and w2 generate
a small moment of force on the mediators in the shell region, and there exist weak
forces between them. Therefore the bosons will rotate at a speed lower than the
speed of light, and generate a small mass attached to the naked electron νew1w2.
20.2. Mechanism of Bremsstrahlung. It is known that an electron emits pho-
tons as its velocity changes. This is called bremsstrahlung, and the reasons why
bremsstrahlung can occur is unknown in classical theories. We present here a mech-
anism of this phenomena based on the above mentioned structure of electrons.
In fact, as an electron is in an electromagnetic field, which exerts a Coulomb
force on its naked electron νew1w2, but not on the attached neutral mediators.
Thus, the naked electron changes its velocity, which draws the mediator cloud to
move as well, causing a perturbation to moment of force on the mediators. As the
attracting weak force in the shell region (20.1) is small, under the perturbation, the
centrifugal force makes some mediators in the cloud, such as photons, flying away
from the attracting shell region, and further accelerated by the weak repelling force
(20.2) to the speed of light, as shown in Figure 20.2.
e
(a)
F e
(b)
γ
γ
Figure 20.2. (a) The naked electron is accelerated in an elec-
tromagnetic field; (b) the mediators (photons) fly away from the
attracting shell region under a perturbation of moment of force.
21. Conclusions of Part 2
The main motivation of this part is that the sub-atomic decays amounts to say-
ing that quarks and charged leptons must possess interior structure. With this
motivation, a weakton model of elementary particles is proposed based on 1) sub-
atomic particle decays, and 2) formulas for the weak and strong interaction poten-
tials/forces. In this weakton model, the elementary particles consist of six spin- 12
massless particles, which we call weaktons, and their antiparticles. The weakton
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model leads to 1) composite constituents for quarks, charged leptons and medaitors,
2) a new mass generation mechanism, and 3) a perfect explanation of all sub-atomic
decays and reactions.
With this weakton model and the unified field theory [17] and in Part 1 of this
article, we now present our explanations and viewpoints to the twelve fundamental
questions stated in the Introduction.
Q1: Our current view on four interactions is that each interaction has its own
charge, the mass charge m, the electric charge e, the weak charge gw and the strong
charge gs, which are introduced in Section 17.3. Each weakton carries one unit of
weak charge, hence the name weakton, and only w∗ carries a unit of strong charge
gs. A particular interaction can only occur between two particles if they both carry
charges of the corresponding interaction.
The dynamic laws for four interactions are the unified field model, which can
be easily decoupled to study individual interactions. Our theory shows that each
interaction has both attractive and repulsive regions, leading the stability of matter
in our universe.
Q2: With the weakton model, it is clear that leptons do not participate strong
interactions, as they do not carry any strong charge–the weakton constituents of
charged leptons (18.5) do not include w∗.
Q3: The weakton model postulates that all matter particles (leptons, quarks)
and mediators are made up of massless weaktons. The basic mass generation mecha-
nism is presented in Section 17.2. Namely, for a composite particle, the constituent
massless weaktons can decelerate by the weak force, yielding a massive particle,
based on the Einstein mass-energy relation. Also, the constituent weaktons are
moving in an “asymptotically-free” shell region of weak interactions as indicated
by the weak interaction potential/force formulas, so that the bounding and repelling
contributions to the mass are mostly canceled out. Hence the mass of a composite
particle is due mainly to the dynamic behavior of the constituent weaktons.
Q4 & Q5: In Sections 19.1-19.5, the weakton model offers a perfect explana-
tion for all sub-atomic decays and all generation/annihilation precesses of matter-
antimatter. In particular, all decays are achieved by 1) exchanging weaktons and
consequently exchanging newly formed quarks, producing new composite particles,
and 2) separating the new composite particles by weak and/or strong repelling
forces. Also, we know now the precise constituents of particles involved in all de-
cays both before and after the reaction.
Q6: Again, the sub-atomic decays and reactions offer a clear evidence for the
existence of interior structure for quarks and leptons, as well as for mediators.
The consistency of the weakton model with all reactions and decays, together with
conservations of quantum numbers, demonstrates that both quarks and charged
leptons are not elementary particles.
Q7 (Baryon Asymmetry): Conventional thinking was that the Big Bang
should have produced equal amounts of matter and antimatter, which will annihi-
late each other, resulting a sea of photons in the universe, a contradiction to reality.
The weakton model offers a complete different view on the formation of matter in
our universe. The weakton model says that what the Big Bang produced was a sea
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of massless elementary weaktons and anti-weaktons, forming all the matter, includ-
ing mediators such as photon, in the universe. Hence with the weakton model, the
baryon asymmetry problem is no longer a right question to ask.
Q8–Q11: The decoupled unified field model leads to three levels of strong inter-
action potentials and two levels of weak interaction potentials as recalled in (17.9)–
(17.11), (17.17) and (17.18). These formulas give a natural explanation of both the
short-range nature and confinements for both strong and weak interactions. The
different levels of each interaction demonstrate that in the same spatial region, the
interaction can be attracting between weaktons, and be repelling for newly formed
hadrons and leptons. This special feature of weak and strong interactions plays a
crucial rule for decays.
Q12 (Bremsstrahlung): The weak interaction force formulas show that the
attracting shell region near a naked electron can contain a cloud of neutral mediators
as photon. As the naked electron changes its velocity due to the presence of an
electromagnetic field, which has no effect on the neutral mediator cloud. The change
of velocity of electron generates a perturbation to moment of force on the mediators
causing some of the mediators flying out from the attracting shell region. This is
the mechanism of bremsstrahlung; see Sections 20.1 and 20.2.
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